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ABSTRACT 
Pipeline hydrogen transport and distribution are contemplated for hydrogen applications.  
Hydrogen introduction in the natural gas pipeline systems is also considered in the power to gas 
(P2G) approach to utilizing excess renewable energy when the supply exceeds the demand.  It is 
well known that hydrogen embrittles all carbon steels used to manufacture pipelines and hence, 
safety and reliability of hydrogen transport requires that pipelines be assessed and tested against 
hydrogen embrittlement. The most severe embrittlement mechanism is hydrogen accelerated 
fatigue crack growth since it is well known that hydrogen can enhance fatigue crack growth rates 
by a factor of 10.   
In this thesis, the fatigue life of a line pipe manufactured with API steel is calculated by 
investigating the growth of a semi-elliptical crack on the inner diameter surface due to hydrogen 
pressure fluctuation. This behavior is compared with the life of the line pipe in an inert 
environment (e.g. natural gas or N2) under the same pressure fluctuations. The hydrogen or the 
inert environment pressure history is analyzed with the rainflow counting method and the crack 
depth calculations are carried out for a variety of API steels at load ratios 0.5R   for a given 
initial crack depth. The load ratio R equals min max/K K  where minK  and maxK  are respectively the 
minimum and maximum stress intensity factors in a pressure cycle the crack experiences due to 
the pressure fluctuations. In particular for API X42 steel for which experimental data are available 
for calculations with greater load ratio, the fatigue life is calculated at load ratios 0.1R   and 
0.8R  .  The calculation of the stress intensity factor was done by using the closed form solution 
of Zahoor [32] for which the validity range with regard to the crack and line pipe dimensions was 
established through comparisons with numerical calculations. The results demonstrate that 
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hydrogen markedly accelerates crack growth and the initial crack depth has significant effect on 
the pipeline life. 
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CHAPTER 1 
Introduction 
It is well known that cyclic loading of engineering components and structures can lead to crack 
initiation and propagation. It is also well known that failure by fatigue crack propagation in severe 
chemo-mechanical environments is a subject that received intense investigation over the last 50 to 
60 years [1]-[3]. 
Pipelines and pressure vessels are important and widely used structures to transport and 
store gases, respectively. Hydrogen pipelines are prone to hydrogen embrittlement [4] and in 
addition cyclic loading due to pressure fluctuations can accelerate failure [5]-[8].   
The objective of this thesis is to investigate fatigue-induced hydrogen embrittlement of 
pipelines and possibly propose design guidelines to mitigate the degradation. The investigation of 
the embrittlement effect is carried out by assuming the presence of a semi-elliptical crack on the 
inner-diameter (ID) surface of a line pipe along the axis of symmetry of the line pipe, which can 
be flaw developed during the manufacturing process. More specifically, the growth of this crack 
is investigated due to pressure fluctuations for API steels used for hydrogen transport [9]-[17]. 
After analyzing the loading history, an appropriate solution to the stress intensity factor at 
the deepest point of the semi-elliptical crack under internal pressure is selected, while the crack 
length along the longitudinal direction is assumed to remain unchanged. The crack depth growth 
calculation is carried out with the integration of the crack growth rate as dictated by the Paris law 
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and hence the life of the pipeline is estimated by calculating the time required for the crack to 
reach a critical size/depth. 
The thesis is arranged into several chapters describing the various stages of our efforts to 
predict the life of the pipeline with semi-elliptical longitudinal internal surface cracks. In Chapter 
2, a literature review is carried out on the experimental relationship between the crack growth rate 
and the stress intensity factor range for various API steels. From the study of the experimental 
data, a general fatigue crack growth law is developed for the calculations of the fatigue life of the 
pipeline. 
In Chapter 3, different solution approaches to the stress intensity factor for a semi-elliptical 
longitudinal internal surface crack in a pipeline under internal pressure are compared. A closed 
form expression for the stress intensity factor is adopted and the range of the geometric dimensions 
for the validity of the solution is discussed. 
In Chapter 4, a treatment of the cyclic stress loading—the rainflow counting method—is 
introduced. In general, there are two rainflow counting methods, namely the three-point method 
and the four-point method. These two algorithms are illustrated and compared. 
In Chapter 5, the calculation of the fatigue life prediction of a line pipe is carried out by 
using MATLAB. The results are discussed and comparisons are made for hydrogen and air under 
various load ratios for API and X42 steels. 
In Chapter 6, the thesis results are summarized and potential future work on the subject is 
outlined. 
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CHAPTER 2 
 Literature review 
2.1 Fracture mechanics  
Low carbon-manganese steels are more resistance to hydrogen embrittlement than high strength 
steels and thus are widely used in high pressure hydrogen applications. Numerous investigations 
on how the properties of certain low strength steels (API 5L X42, X52, X60, X65, X70 and Grade 
B) change in hydrogen and air have been conducted [9]-[17]. This chapter reviews the fracture 
properties of these low strength steels and explores how environment variables affect the fatigue 
crack growth rate /da dN  as a function of the stress-intensity factor range K . 
2.1.1  Fracture toughness 
Fracture toughness is a property that describes the ability of a material containing a crack 
to resist onset of crack propagation [18]. If a material has high fracture toughness, it is more prone 
to ductile fracture. Fracture toughness is measured using laboratory pre-cracked specimens. 
Standardized specimen geometry and testing procedures for fracture toughness are described in 
ASTM E1820 [19]. 
The concept of the stress intensity factor IK  is widely used as a measure of the fracture 
toughness. In this regard, 
IcK stands for the critical value of the stress intensity factor at which 
fracture initiates under small-scale yielding in mode I plane strain conditions and 
IHK  is the stress-
intensity factor for fracture initiation in hydrogen gas. 
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2.1.2 Threshold stress-intensity factor 
The threshold stress-intensity factor 
THK  for sustained-load cracking is a measure of a 
material’s resistance to crack propagation under static loading in hydrogen [5], [20]. The testing 
method for the evaluation of the threshold stress intensity factor can be found in ASME E1681 
[21]. 
2.1.3 Effect of hydrogen on fracture toughness 
The fracture toughness can be affected by several factors. High pressure hydrogen gas can 
reduce the fracture toughness in comparison to air [20]. Figure 2.1 shows that the fracture 
toughness for X42 and A516 steels decreases when the hydrogen gas pressure increases and it is 
likely to reach a lower limiting value. The reduction also depends on the loading rate. Figure 2.2 
shows that the fracture toughness for X42 steel in 4.0 MPa hydrogen gas increases as the 
displacement rates increase from 43 10  to 23 10 mm/s [20]. 
 
Figure 2.1. Effect of hydrogen pressure on fracture toughness of X42 and A516 steels. The 
displacement rate used in the test is indicated for each steel [20]. 
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Figure 2.2. Effect of displacement rate on the fracture toughness of X42 steel in 4.0 MPa 
hydrogen gas [20]. 
2.2 Fatigue crack propagation 
The fatigue crack growth rate (FCGR) /da dN  can be measured as function of the stress-
intensity factor range max minK K K   , where maxK  is the maximum stress intensity factor per 
cycle and
min K  is the minimum stress intensity factor per cycle. 
Figure 2.3 shows a schematic of the FCGR as a function of the stress-intensity factor range, 
K , which can be divided into three regions. In region Ⅰ, K  is small and crack propagation is 
slow. There is a threshold stress-intensity value, 
thK , below which fatigue crack growth is too 
small to measure. When K  grows larger, in region Ⅱ, the crack growth rate increases 
significantly and the curve becomes essentially linear on logarithmic scale. The crack growth rate 
is governed by a power law, known as the Paris law, which is expressed as: / ( )
mda dN C K  , 
where C and m are material constants [22]. As K  continues to grow, crack growth becomes 
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rapid and unstable in region Ⅲ, where the Paris law no longer applies. When the maximum stress-
intensity factor reaches the fracture toughness IcK , the material fails. 
  
Figure 2.3. Schematic of fatigue crack growth rate vs. stress intensity factor range K [23]. 
2.2.1 Variables affecting fatigue crack growth rate 
Suresh and Ritchie [1] studied several low strength pressure vessels and pipeline steels in 
dehumidified gaseous hydrogen and moist air. They found that the FCGR is affected by load cycle 
frequency, hydrogen pressure, and load ratio min max/R K K . 
Figure 2.4 shows a schematic of FCGR in the presence of hydrogen. There are mainly two 
regimes: the intermediate growth-rate regime and the near threshold regime. In the intermediate 
growth-rate regime, in which the FCGR is above 510  mm/cycle, the FCGR will greatly enhanced 
in hydrogen; to the rate is almost 10 times compared to air. The onset of the acceleration depends 
on the load ratio R and occurs at a critically maximum stress intensity, which Suresh and Ritchie 
designated as 
max
TK . Therefore, with increasing R, the acceleration starts at lower K . Below max
TK  
in air and hydrogen, failure is predominantly transgranular whereas above 
max
TK  in hydrogen, crack 
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growth occurs intergranularly. Although independent of load ratio, the onset of acceleration 
depends upon frequency and hydrogen pressure, which influence the accumulation of hydrogen 
ahead of the crack tip. Thus, by increasing the hydrogen pressure, the hydrogen concentration 
increases and this causes earlier onset of hydrogen-assisted growth. Similarly, with decreasing 
frequency, hydrogen is given more time to embrittle the material. In summary, in the intermediate 
growth rates regime, which the environmentally induced cracking is due to the mechanism of 
hydrogen embrittlement, the FCGR vs. K  relationship in hydrogen shows marked dependence 
of load ratio, hydrogen pressure, and frequency. With increasing load ratio, decreasing frequency 
or increasing hydrogen pressure, the crack growth increases significantly. On the other hand, the 
corresponding behavior in air is independent of both frequency and load ratio. 
The near-threshold growth rates regime is for /da dN  610 mm/cycle. In this regime, the 
moist hydrogen and distilled water show similar results to those in air. In contrast, the 
dehumidified helium gas shows identical behavior to dry hydrogen gas. In addition, only when the 
load ratio is low, there will be significant enhancement of the crack growth rate in hydrogen in 
comparison to that in air. These phenomena are controlled by oxide-induced crack closure, i.e. a 
mechanism other than hydrogen embrittlement. Because of the moist atmosphere, Suresh and 
Ritchie [1] maintain that there is formation of readily observable oxide films on the crack flanks, 
which are thickened at low load ratios by “fretting oxidation,” a continual breaking and reforming 
of the oxide scale behind the crack tip to create new zones of fresh surface as a result of crack 
closure, which requires higher stress intensities to open the crack. When in the dry, oxygen-free 
situation or high load ratio (where the closure effects are minimum), Suresh and Ritchie [1] argue 
that this oxide debris is less predominant, and this results in hydrogen-enhanced crack growth. 
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This closure mechanism is only specific to the near threshold regime because the size of the oxide 
debris and the fracture surface roughness are comparable to the crack-tip opening displacements. 
In summary, the work of Suresh and Ritchie [1] demonstrated that FCGR in hydrogen 
depends on the hydrogen pressure, frequency, and load ratio, whereas in air FCGR data are 
independent of these factors except for the dependence on load ratio at near-threshold level.  
 
Figure 2.4. Schematic diagram of the effect of dry gaseous hydrogen on fatigue-crack growth 
in lower strength steels; R denotes load ratio, v frequency, T predominantly transgranular 
fracture, and IG predominantly intergranular fracture [1]. 
In the following, the effects of pressure, frequency, and load ratio are further discussed as 
observed experimentally by other investigators. Zawierucha and Xu [9] tested the dependence of 
crack growth rate on hydrogen pressure at 22MPa mK   for the API Grade B steel, as shown 
in Figure 2.5. The FCGR rapidly increased and then saturated. Holbrook et al. [6] evaluated the 
effect of hydrogen gas pressure on FCGR in X42 steel at 22MPa mK  , cyclic frequency 
f=0.1 Hz, and load ratio R=0.25. They found that the ratio of FCGR in hydrogen to that in nitrogen 
9 
 
increased as a power function (exponent 0.36) of the hydrogen partial pressure as shown in Figure 
2.6 for hydrogen partial pressures up to 6.9 MPa. 
 
Figure 2.5. FCGR /da dN  dependence on hydrogen pressure for API Grade B steel at 
22MPa mK  [9]. 
 
Figure 2.6. Effect of hydrogen partial pressure on the ratio of FCGR for X42 steel in hydrogen 
to that in nitrogen at 22MPa mK  ,  f=0.1Hz, and R=0.25 [6]. 
 Since the load ratio relates to the stress intensity factor range, 
max(1 )K R K   , when K  
is fixed, maxK  increases as R increases. Holbrook and Cialone [7] studied the effect of stress or 
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load ratio R on the X42 steel in hydrogen and nitrogen gas at 10MPa mK  . In Figure 2.7, the 
crack growth rate in nitrogen environment increased steadily with increasing R. However, in 
hydrogen, when R varied between 0.1 and 0.4, the FCGR was essentially unchanged. When R was 
larger than 0.4, the FCGR increased faster in comparison to the increase in nitrogen. According to 
Suresh and Ritchie [1], this may result from the 
max
TK independence from the load ratio. When R 
increases, 
maxK also increases and when R is big enough, maxK reaches max
TK , which coincides with 
the onset of acceleration of the crack growth rate by hydrogen. Thus, the behavior in hydrogen is 
different from that in nitrogen. 
 
Figure 2.7. Effect of stress (load) ratio on FCGR for X42 steel in hydrogen and nitrogen at 
pressure 6.9 MPa, f=1 Hz, 10MPa mK  [7]. 
When the frequency decreases, the FCGR generally increases as shown in Figure 2.8, 
which displays the FCGR vs. K  relationship for SA 105 steel in 100 MPa hydrogen gas for 
frequencies varying from 0.001 to 1 Hz [24]. However, in air the FCGR does not depend on load 
ratio and frequency. This may be due to the fact that crack propagation in hydrogen is a rate-
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limited process where the rate of creation of a new crack surface, the rate of hydrogen dissociation 
and adsorption, and the rate of diffusion to the crack tip are all controlled by frequency. 
 
Figure 2.8. Effect of load cycle frequency on FCGR for SA 105 steel in hydrogen gas at pressure 
100 MPa and load ratio R=0.1 [24]. 
2.2.2 Fatigue crack propagation in welds 
The data on fatigue crack growth of welds and heat affected zones (HAZ) are limited. 
Wachob and Nelson [25] studied FCGR in welds and the HAZ of welded X60 and found that the 
results are similar between weld, HAZ, and base metal as shown in Figure 2.9. McIntyre et al. [26] 
found that the hydrogen effect on FCGR in welds and the HAZ depends on the magnitude of ΔK. 
They tested a carbon steel with 550 MPa tensile strength in 3 MPa hydrogen at 0.1 Hz and found 
that when ΔK is lower than 13 MPa m , the FCGRs in the base metal, the HAZ, and the welds 
are similar, but at higher ΔK, the FCGRs in the welds and HAZ are similar but higher than those 
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for the base metal. Fuquent-Molano and Ritchie’s work [27] on pressure vessel steels in hydrogen 
showed that whereas the behavior was similar at high load ratios and high growth rates (> 510  
mm/cycle), the FCGR increases near the threshold regime and the 
THK  values decrease in the 
weld metal for R=0.05, and especially in the HAZ in comparison to the base metal.  
 
Figure 2.9. Fatigue crack growth rate vs stress-intensity factor range for welded X60 steel in 
hydrogen gas at frequency f=1 Hz and load ratio R=0.15 [25]. 
2.3 Fatigue crack growth data for various API pipeline steels 
The review of experiment data of FCGR vs stress-intensity factor range for various 
pipeline steels, API X42, X52, X60, X65, X70 and Grade B are presented next. The review of 
how the hydrogen pressure, load ratio, and frequency affect the FCGR as presented in Section 2.2 
can be seen through the following plots. For X42 steel, the FCGR in hydrogen at 0.1R  and air 
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at 0.8R   are close. For X65 steel, when T=23℃ and ΔK is larger than 25 MPa m , the FCGR 
is not dependent on the stress intensity factor range. 
2.3.1 Fatigue crack growth data for X42 steel 
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Figure 2.10. Fatigue crack growth rate data for X42 steel, comparing results in air and in 6.9 
MPa hydrogen gas at load ratios R=0.1 and 0.8 [10]. 
Figure 2.10 shows the FCGR data for X42 steel in hydrogen gas and air [10]. The 
experiments were conducted in 6.9 MPa hydrogen and air, the frequency was 1 Hz and the load 
ratio 0.1 and 0.8. Given that the load ratio is the same in hydrogen and air, it is obvious that the 
presence of hydrogen increases the fatigue crack growth rate. Obviously, when 0.8R  , the 
behaviors in hydrogen and air are similar at low stress-intensity factor range levels. Surprisingly, 
there is no difference between X42 steel in hydrogen at 0.1R   and air at 0.8R  . Under the 
same hydrogen pressure and frequency, when the load ratio increases, the fatigue crack growth 
rate gets larger. In addition, when the stress-intensity factor range is large, the difference between 
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the rates in hydrogen and air increase at 0.8R   in comparison to those at 0.1R  , which means 
that the difference in fatigue crack growth rate between hydrogen and air increases with increasing 
load ratio. 
2.3.2 Fatigue crack growth data for X52 steel 
5 10 15 20 25 30 35 40 45 50
1E-6
1E-5
1E-4
1E-3
0.01
 48.26 MPa 1Hz R=0.5 
 34 MPa 1Hz R=0.5 vintage  
 34 MPa 1Hz R=0.5 new 
 21 MPa 1Hz R=0.5 
 21 MPa 10Hz R=0.1 295K
 21 MPa 10Hz R=0.5 295K
 20.68 MPa 1Hz R=0.5 
 6.89 MPa 1Hz  R=0.5 
 5.5 MPa 1Hz R=0.5 new
 5.5 MPa 1Hz R=0.5 vintage 
 air  
 air 
 air modern 
 air vintage
d
a
/d
N
 (
m
m
/c
y
c
le
)
ΔK (MPa√m)
 
Figure 2.11. Fatigue crack growth rate data for X52 steel, comparing results in air and in 
pressurized hydrogen gas at various hydrogen pressures, frequencies, and load ratios [11]-[13]. 
Figure 2.11 shows the FCGR data for X52 in hydrogen and air at frequencies f=1 Hz and 
10 Hz and load ratios R=0.5 and 0.1 [11]-[13]. When hydrogen pressure is higher, the FCGR gets 
larger but the FCGR is similar for hydrogen pressures above 6.89 MPa. Furthermore, when ΔK is 
larger, the difference between FCGR of different hydrogen pressure gets smaller, which agrees 
with the theory presented in Section 2.2. Upon comparing the data in hydrogen and air, it is 
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obvious that hydrogen increases the FCGR, but for the near threshold regime, the difference in 
FCGR behaviors between hydrogen and air is assumed to be small. 
2.3.3 Fatigue crack growth data for X60 steel 
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Figure 2.12. Fatigue crack growth rate data for X60 steel in air and in pressurized hydrogen gas 
at 1 Hz frequency and different load ratios [14]. 
Figure 2.12 shows the FCGR in X60 steel in hydrogen and air at frequency f=1 Hz for 
various load ratios [14]. When the hydrogen pressure is constant and the load ratio decreases, the 
FCGR decreases. When the hydrogen pressure is fixed, the trends show that for higher hydrogen 
pressures, the FCGRs in hydrogen and air differ markedly for different load ratios; in contrast, at 
a lower hydrogen pressure, the FCGRs differ less for different load ratios. Since this graph also 
shows data for welds, it is seen that the FCGRs in the fusion zone and the HAZ are nearly identical 
to those for the base metal. Additionally, the FCGR increases significantly in hydrogen compared 
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to that in air. Although the near threshold regime is not presented in this plot, it can be extrapolated 
that there will not be a significant difference between the values in hydrogen and air. 
2.3.4 Fatigue crack growth data for X65 steel 
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Figure 2.13. Fatigue crack growth rate data for X65 steel, comparing results in air and in 2ppm 
hydrogen gas at different frequencies and temperatures [15], [16]. 
Figure 2.13 shows the FCGR for X65 in hydrogen and air at various frequencies and 
temperatures [15], [16]. At temperature T=-30℃ and frequency f=10 Hz, the FCGRs in hydrogen 
and air are similar, which can be explained by the fact that hydrogen which diffuses slowly at low 
temperatures does not have enough time to reach the region ahead of the crack tip, especially at 
high frequencies. Additionally, when T=-30℃, the FCGR depends on the stress-intensity factor 
range. However, when T=23℃ and ΔK is larger than 25 MPa m , the FCGR is not dependent on 
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the stress-intensity factor range, which is quite unusual. For the effect of frequency and 
temperature, when frequency decreases or temperature increases, the FCGR increases in hydrogen. 
2.3.5 Fatigue crack growth data for X70 steel 
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Figure 2.14. Fatigue crack growth rate data for X70 steel, comparing results in air and in 
pressurized hydrogen gas at different frequencies and load ratios [8], [12], [17]. 
Figure 2.14 shows the FCGR data for X70 at different frequencies and load ratios in 
hydrogen and air [8], [12], [17]. For different hydrogen pressures and frequencies, there are no 
remarkable differences in FCGR data, so the effects of pressure and frequency are hardly to be 
observed. Significantly, the critical stress-intensity factor, 
max
TK , as introduced by Suresh and 
Ritchie [1] can be calculated approximately equal to 10 MPa m . Above 
max
TK , the FCGR in 
hydrogen is significantly larger than in air.  
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2.3.6 Fatigue crack growth data for API 5L Grade B steel 
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Figure 2.15. Fatigue crack growth rate data for API Grade B steel, comparing results in air and 
in pressurized hydrogen gas at different frequencies, hydrogen pressures, and R=0.1 [9]. 
Figure 2.15 shows the FCGR value for grade B steel at load ratio R=0.1 for different 
frequencies and hydrogen pressures [9]. There are two kinds of Grade B steels, normalized and as 
rolled, but the experimental data for these two steels are similar. It is obvious that even in low 
pressure hydrogen, the FCGR increases significantly compared to that in air. When the hydrogen 
pressure increases, the FCGR also increases as in all other steels. However, no near threshold 
regime is shown in this figure. 
2.3.7 Conclusion 
FCGRs have been presented for various line pipe steels. To summarize the hydrogen 
effects on all these low strength API steels, all the experimental data presented so far are re-plotted 
in Figure 2.16. As shown in Figure 2.16, hydrogen significantly enhances the FCGR in comparison 
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to the response in air. The crack growth behavior for all the API steels at low ΔK is nearly identical 
in hydrogen and in the air and the FCGR in hydrogen depends on hydrogen pressure, cycle 
frequency, and load ratio. In addition, the FCGRs in the welds and the HAZ are nearly identical 
to those for the base metal. The observations regarding the hydrogen effect on fatigue discussed 
in Section 2.2 can be observed in Figure 2.16 clearly: when the hydrogen pressure increases or the 
load ratio increase, or the frequency decreases, the FCGR in hydrogen increases. For FCGRs in 
air, the behavior for all API steels is close and independent of frequency and load ratio. At R=0.8, 
the FCGR behaviors in hydrogen and air are similar in the near-threshold regime as expected.  
In summary, from the data shown in Figure 2.16, we can develop a general law for the 
FCGR dependence on the stress intensity factor range for all API steels that represents a 
conservative approach to design by utilizing the highest growth rates. However, because the FCGR 
for X42 steel at 0.8R   is different from that of other API steels, the experiment data for X42 are 
analyzed and interpolated separately. 
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Figure 2.16. Fatigue crack growth rate data for API 5L steels, comparing results in air and in 
pressurized hydrogen gas at different frequencies, hydrogen pressures, and load ratios. 
2.4 Interpolation of fatigue crack growth data for API steels 
Figure 2.17 shows the experimental data under load ratios 0.5R   for all steels, except for 
the steel X42. Looking at Figure 2.17, one sees that the data can be interpolated by linear line 
segments as follows: an upper segment for the hydrogen data for FCGRs much larger than those 
in air (red line), a lower segment for FCGRs in air (blue line), and a third segment for FCGRs both 
in hydrogen and air at low stress intensity factor ranges and FCGRs in hydrogen at large stress 
intensity factor ranges (black line). Since experiment data of crack growth at 0.8R   are only 
available for the X42 steel, this steel will be treated separately from the other steels. These 
interpolations are presented analytically in the following subsections.  
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2.4.1 Fatigue crack growth material model for API 5L steels except the X42 
steel for 𝑹 ≤ 𝟎. 𝟓 
As shown in Figure 2.17, the red line segment represents the Paris law for the API 5L steels 
under consideration for stress intensity factor ranges for which there is marked acceleration of 
FCGR by hydrogen, the blue line segment is the Paris law for the response in the absence of 
hydrogen and high stress intensity factor ranges, and the black segment is for the response in both 
hydrogen and air, in air at low stress intensity factor ranges and in hydrogen at high stress intensity 
factor ranges.  These segments are expressed analytically as follows:  
 Red segment in hydrogen 
𝑑𝑎
𝑑𝑁
= 2.038 × 10−7 × ∆𝐾3.292   for ∆𝐾 ≥ 11.814MPa√𝑚 . (2.1) 
Blue segment in air 
𝑑𝑎
𝑑𝑁
= 1.293 × 10−8 × ∆𝐾2.883   for ∆𝐾 ≥ 6.016MPa√𝑚 . (2.2) 
Black segment for both hydrogen and air 
𝑑𝑎
𝑑𝑁
= 4.885 × 10−13 × ∆𝐾8.533. (2.3) 
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Figure 2.17. Fatigue crack growth rate data for API 5L steels except the X42 steel in air and in 
pressurized hydrogen gas at different frequencies, hydrogen pressures, and load ratio 𝑅 ≤ 0.5. 
The data are interpolated in the Paris law regime. 
2.4.2 Fatigue crack growth material model for X42 steel at 𝑹 = 𝟎. 𝟖 
The data for X42 steel are replotted in Figure 2.18 and interpolated as follows: the red 
linear segment represents the Paris law response in hydrogen at high stress intensity factor ranges, 
the green line segment represent Paris law behavior in hydrogen at low stress intensity factor 
ranges, and the blue line segment is the Paris law in air. According to the physics of the response 
as was outlined in Section 2.2, the near-threshold behavior at high load ratios in hydrogen and in 
air should be the same. Thus, although the green (hydrogen) and the blue (air) segments in the 
corresponding near threshold regimes are not coincident it can be easily seen that they are very 
close. Thus, the interpolation of the FCGR data can be can be expressed as follows: 
In air 
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𝑑𝑎
𝑑𝑁
= 2.762 × 10−9 × ∆𝐾4.411. (2.4) 
In hydrogen 
𝑑𝑎
𝑑𝑁
= 5.362 × 10−17 × ∆𝐾14.122  for ∆𝐾 ≥ 7 MPa√𝑚 . (2.5) 
𝑑𝑎
𝑑𝑁
= 1.219 × 10−9 × ∆𝐾5.417   for ∆𝐾 ≤ 7 MPa√𝑚 . (2.6) 
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Figure 2.18. Fatigue crack growth rate data for X42 steel in air and in hydrogen in the Paris law 
regime for 𝑅 = 0.8. 
2.4.3 Fatigue crack growth material model for X42 steel at 𝑹 = 𝟎. 𝟏 
Similar to the process used in the previous Sections 2.4.1 and 2.4.2 to interpolate the data, 
the red line in Figure 2.19 represents the Paris law response in hydrogen and the blue line the Paris 
law in air.  
These linear FCGR vs. ∆𝐾 relationships can be expressed as follows: 
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In air 
𝑑𝑎
𝑑𝑁
= 6.128 × 10−10 × ∆𝐾4.01. (2.7) 
In hydrogen 
𝑑𝑎
𝑑𝑁
= 1.817 × 10−11 × ∆𝐾6.811. (2.8) 
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Figure 2.19. Fatigue crack growth rate data for X42 steel in air and in hydrogen in the Paris law 
regime for 𝑅 = 0.1. 
The interpolations of the FCGRs vs. ∆𝐾 data will be used for the crack growth propagation 
calculations for all API 5L steels to obtain the crack growth for each load cycle. The interpolation 
functions for the X42 steel are different from those for the other steels, but they too will be used 
to compare FCGR behavior at different load ratios for the same steel.  In all calculations, the stress 
intensity factor range needs to be determined for each cycle. This task is undertaken in Chapter 3.   
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CHAPTER 3 
 Stress intensity factor calculation for a semi-
elliptical crack on the inner diameter surface of a 
cylinder 
3.1 Introduction  
Longitudinal semi-elliptical surface cracks on the inner diameter (ID) surface of a line pipe are 
frequently found in engineering pipelines. The geometry of such a crack is shown in Figure 3.1, 
where p is the internal pressure of the cylinder, 
iR  is the inner radius of the cylinder, 𝑅0 the outer 
radius, t is the wall thickness, a is the depth of the surface crack, and c is the half-length of the 
surface crack. The stress intensity factor for such longitudinal semi-elliptical surface cracks on the 
ID surface has been investigated by various researchers [28]-[32] and their work will be described 
in the next section. 
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Figure 3.1. Geometry of a longitudinal internal semi-elliptical surface crack. 
3.2 Literature review 
In this section three methods for the calculation of the stress intensity factor of a semi-
elliptical crack on the inner diameter (ID) surface of a pressurized cylinder are reviewed: i) The 
method of Raju and Newman method [28], ii) the method reported in the API 579 Fitness-For-
Service document [31], and iii) the method by Zahoor [32]. The first two methods are approximate 
in the form of a series solutions in which the coefficients are determined through matching with 
finite element results and the third method by Zahoor is a closed form solution which was devised 
through interpolation of finite element results. Details of these three methods are discussed in the 
following. 
According to Raju and Newman [28] the Mode I stress intensity factor at the deepest point 
of a longitudinal semi-elliptical crack on the ID surface of line pipe under internal pressure is 
given by (see Appendix A): 
𝐾𝐼 = 𝜎ℎ√
𝜋𝑎
𝑄
𝐹  , (3.1) 
where 
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𝜎ℎ =
𝑝𝑅𝑖
𝑡
, (3.2) 
𝐹 =
t
R
(
𝑅0
2
𝑅0
2 − 𝑅𝑖
2) [2𝐺0 − 2
𝑎
𝑅𝑖
𝐺1 + 3 (
𝑎
𝑅𝑖
)
2
𝐺2 − 4 (
𝑎
𝑅𝑖
)
3
𝐺3] , (3.3) 
𝑄 = 1 + 1.464 (
𝑎
𝑐
)
1.65
 . (3.4) 
p is the internal pressure in the cylinder, 
iR   is inner radius of the cylinder, 𝑅0 the outer radius, t 
the wall thickness, a the depth of the crack, c the half-length of the crack, and Q a shape factor. 
The 4 terms on the right hand side of Eq. (3.3) represent the stress intensity factor due to loading 
of the crack surfaces by constant, linear, parabolic, and cubic stress distributions; as explained in 
Appendix A the effect of the internal line pipe pressure is approximated by the sum of these 
contributions. The corresponding coefficients 𝐺𝑗 (𝑗 = 0, 1, 2, 3) are determined by matching of the 
results with three-dimensional finite element analysis results in the case of /a c = 0.2, 0.4, 1.0; 
/ it R = 0.1, 0.25, and /a t = 0.2, 0.5, 0.8. The work of Raju and Newman [28] was extended to 
cases of cracks with low aspect ratio, 0 / 1a c   by Wang and Lambert [29] and to cases of high 
aspect ratio, namely up to 2.0 by Li and Yang [30].  
The solution reported in API 579 Annex C [31] is as follows (see Appendix A): 
𝐾𝐼 = (
𝑝𝑅0
2
𝑅0
2 − 𝑅𝑖
2) [2𝐺0 − 2
𝑎
𝑅𝑖
𝐺1 + 3 (
𝑎
𝑅𝑖
)
2
𝐺2 − 4 (
𝑎
𝑅𝑖
)
3
𝐺3 + 5 (
𝑎
𝑅𝑖
)
4
𝐺4] √
𝜋𝑎
𝑄
 , (3.5) 
𝑄 = 1 + 1.464 (
𝑎
𝑐
)
1.65
  for 
𝑎
𝑐
≤ 1.0 , (3.6) 
𝑄 = 1 + 1.464 (
𝑐
𝑎
)
1.65
  for 
𝑎
𝑐
> 1.0, (3.7) 
𝐺𝑖 = ∑ 𝐴𝑖𝑗 
6
𝑗=0
(𝑖 = 0, 1), (3.8) 
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where p is the internal pressure, Ri the inner radius, 𝑅0 the outer radius, t the wall thickness, a the 
depth of the crack, and c the half-length of the crack. The coefficients 𝐴𝑖𝑗 are given for / it R  = 0.0, 
0.01, 0.01667, 0.05, 0.1, 0.2, 0.3333, 1.0; /a c= 0.03125, 0.0625, 0.125, 0.25, 0.5, 1.0, 2.0, and 
/a t = 0.2, 0.4, 0.6, 0.8. Note that Eq. (3.8) is only valid for the deepest point of the semi-elliptical 
crack and the values of the parameters 𝐴𝑖𝑗 , i=0, 1 can be obtained from the row corresponding to 
𝐺𝑖, i=0, 1 and column j of Table C.12 in the API 579 document.  
The rest of the coefficients, 𝐺2, 𝐺3, and 𝐺4, are calculated through 
𝐺2 = √
2𝑄
𝜋
(
16
15
+
1
3
𝑀1 +
16
105
𝑀2 +
1
12
𝑀3) , (3.9) 
𝐺3 = √
2𝑄
𝜋
(
32
35
+
1
4
𝑀1 +
32
315
𝑀2 +
1
20
𝑀3) , (3.10) 
𝐺4 = √
2𝑄
𝜋
(
256
315
+
1
5
𝑀1 +
256
3456
𝑀2 +
1
30
𝑀3) , (3.11) 
where 1M , 2M , and 3M  are parameters in the Mode I weight function for the deepest point of the 
crack [37] as explained in more detail in Appendix A. These parameters are expressed in terms of 
𝐺0 and 𝐺1 as follows: 
𝑀1 =
2𝜋
√2𝑄
(3𝐺1 − 𝐺0) −
24
5
 , (3.12) 
𝑀2 = 3 , (3.13) 
𝑀3 =
6𝜋
√2𝑄
(𝐺0 − 2𝐺1) +
8
5
 . (3.14) 
In summary, the Raju and Newman and API 579 methods are both approximate methods 
based on the summation of similar stress distributions on the crack surface used to represent the 
29 
 
pressure effect. However, the coefficients in the terms of the series are calculated differently in 
the two methods. In the Raju and Newman method, all four coefficients 𝐺𝑖 in the expression of 
IK  are obtained by matching the method’s predictions to finite element results. In contrast, the 
API 579 method employs five coefficients 𝐺𝑖, the first two of which, 𝐺0 and  𝐺1, are calculated 
from matching with finite element results and the other three, 𝐺2,  𝐺3, and  𝐺4, are calculated in 
terms of the first two on the basis of considerations of the properties of the weight function for the 
crack (see Appendix A). 
Zahoor [32] obtained a closed form stress intensity factor expression for the deepest point 
for the longitudinal internal semi-elliptical crack under internal pressure loading by interpolating 
finite element results: 
For 2𝑐/𝑎 ≤ 12 
𝐾𝐼 = 𝜎ℎ√
𝜋𝑎
𝑄
𝐹, (3.15) 
𝜎ℎ =
𝑝𝑅
𝑡
, (3.16) 
𝐹 = 1.12 + 0.053𝛼 + 0.0055𝛼2 +
(1 + 0.02𝛼 + 0.0191𝛼2) (20 −
𝑅
𝑡 )
2
1400
, (3.17)
 
𝛼 =
𝑎
𝑡
𝑎
2𝑐
, (3.18) 
𝑄 = 1 + 1.464 (
𝑎
𝑐
)
1.65
, (3.19) 
where p is internal pressure, R is the mean radius of the cylinder, ( ) / 2i oR R , t is the wall 
thickness, a is the depth of the crack, c is the half-length of the crack, 𝑅𝑖 and 𝑅𝑜 are respectively 
at inner and outer radii of the cylinder, and Q is shape factor.  
30 
 
For 12 < 2𝑐/𝑎 ≤ 100 
𝐾𝐼 = 𝜎ℎ√𝜋𝑎𝐹, (3.20) 
𝐹 = 1.12 + 0.9035𝛼 + 2.4322𝛼2.5, (3.21) 
𝛼 = (
𝑎
𝑡
) (1 −
𝑎
2𝑐
)
5
(
2𝑐
𝑎
)
0.08
. (3.22) 
3.3 Comparison of the three methods  
Because the Raju and Newman and API 579 methods involve direct matching with the 
finite element results, these methods are considered to be more accurate than the closed form 
expression by Zahoor. In the following, comparison of results by the method of Zahoor are made 
with the other two methods to identify the range of the geometric parameters for which the method 
by Zahoor is accurate. The idea is to use the closed form expression of Zahoor to estimate the 
fatigue life of the pipeline due to the ease of its application in the life calculations in comparison 
to the other two approximate methods. Thus, to explore how well the Zahoor expression agrees 
with results of the other two methods, we plotted and compared all three methods for various / it R , 
/a c , and /a t .  More specifically, comparisons will be made for the ranges shown in Table 3.1 
which shows the range of validity of the methods by Raju and Newman and API 579. 
Table 3.1 Parameter Range of validity of Raju and Newman [28] and API 579 [31] methods 
 / it R  /a c  /a t  
Raju and Newman 0.1, 0.25 0.2, 0.4, 1.0 0.2, 0.5, 0.8 
API 579 0.01667, 0.05, 0.1, 0.2, 0.3333 
0.03125, 0.0625, 
0.125, 0.25, 0.5, 1 
0.2, 0.4, 0.6, 
0.8 
When / it R =0.1, the comparison of the three methods is shown in Figure 3.2. It is apparent 
that the difference between the Zahoor’s method and the two approximate methods is small.  
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Figure 3.2. Comparison of Zahoor [32], API 579 [31], and Raju and Newman [28] solutions for 
the normalized stress intensity factor 𝐾𝐼/𝑝√𝜋𝑎 for / it R =0.1. 
3.3.1 Comparison between the Zahoor [32] and Raju and Newman [28] 
methods 
The value for deviation for 𝐾𝐼/𝑝√𝜋𝑎  between Zahoor’s and Raju and Newman’s and API 
579’s results are tabulated in Tables 3.2-3.13 for different / it R , /a c , and /a t . 
The two methods are compared in Figures 3.3 and 3.4 in which the normalized stress 
intensity factor 𝐾𝐼/𝑝√𝜋𝑎  is plotted against the aspect ratio /a c  for various /a t  values, when 
/ it R  is equal to 0.1 and 0.25, respectively. The percent deviation: 
( ) ( )
100%
( )
I I
Z RN
I
RN
K p a K p a
d
K p a
 


   
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between the two solutions, where subscript z stands for Zahoor and RN for Raju and Newman, is 
also shown in Tables 3.2 and 3.3 for specific values of / it R  and /a c .   
As shown in Tables 3.2 and 3.3, the Zahoor results are close to those of Raju and Newman 
with a maximum deviation below 16 percent. The deviation increases with increasing / it R . 
Especially for / 1a c  , these two results are in better agreement with a deviation less than 10 
percent. When /a c = 1 , the deviation becomes maximum for the ranges of /a c  and /a t
considered.   
 
Figure 3.3. Comparison between the solutions of Zahoor [32] and Raju and Newman [28] for 
/ 0.1it R  . 
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Table 3.2. Deviation (%) between the Zahoor [32] and Raju and Newman [28] solutions for 
𝐾𝐼/𝑝√𝜋𝑎 for / 0.1it R   
a/t 
a/c 
0.2 0.5 0.8 
0.2 4.6 2.1 0.6 
0.4 2.7 0.6 1.2 
1 5.3 7.1 8.8 
 
 
  
Figure 3.4. Comparison between the solutions of Zahoor [32] and Raju and Newman [28] for 
/ 0.25it R  . 
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Table 3.3. Deviation (%) between the Zahoor [32] and Raju and Newman [28] solutions for 
𝐾𝐼/𝑝√𝜋𝑎 for / 0.25it R   
a/t 
a/c 
0.2 0.5 0.8 
0.2 9.4 10.1 4.1 
0.4 7.2 8.1 2.8 
1 9.2 14.2 16.1 
3.3.2 Comparison between the Zahoor [32] and API 579 [31] methods 
The API 579 method provides the solution for the stress intensity factor over a wider range 
of 𝑎/𝑐 and / it R . As in the preceding section the two methods were compared through the percent 
deviation 
( ) ( )
100%
( )
I I
Z API
I
API
K p a K p a
d
K p a
 


  , 
where the subscript z stands for Zahoor and API for API 579. 
Results for 𝐾𝐼/𝑝√𝜋𝑎 are plotted in Figures 3.5-3.14 for / it R  equal to 0.01667, 0.05, 0.1, 
0.2, and 0.3333. Since the Zahoor solution expressions for 𝑎/𝑐 < 0.167 and 𝑎/𝑐 ≥ 0.167 are 
different, the two solutions were also compared for  0.02 < 𝑎/𝑐 < 0.167 and 𝑎/𝑐 ≥ 0.167 for 
each individual / it R . 
As can be seen from the figures and tables, the Zahoor solution results are also in good 
agreement with the API 579 method results. For / it R > 0.01667, the deviation is also under 15 
percent except when / it R = 0.3333 , 𝑎/𝑐 = 0.03125  and 𝑎/𝑡 = 0.8 , the deviation suddenly 
increases to 31 percent. 
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The case of / it R = 0.01667 is also presented for comparison. The deviation in this case 
is larger than 100 percent. It is obvious that for / it R ≤ 0.01667, the Zahoor method should be 
avoided. 
  
Figure 3.5. Comparison between the Zahoor [32] and API 579 [31] solutions for / 0.05it R  , 
0.02 / 0.167a c  . 
 
Table 3.4 Deviation (%) between the Zahoor [32] and API 579 [31] solutions for 𝐾𝐼/𝑝√𝜋𝑎 for 
/ 0.05it R  , 0.02 / 0.167a c   
a/t 
a/c 
0.2 0.4 0.6 0.8 
0.03125 6.3 6.7 2.4 5.6 
0.0625 7.1 6.9 4.6 3.7 
0.125 8.8 8.3 8.5 14.7 
36 
 
  
Figure 3.6. Comparison between the Zahoor [32] and API 579 [31] solutions for / 0.05it R  , 
/ 0.167a c  . 
 
 
 
Table 3.5 Deviation (%) between the Zahoor [32] and API 579 [31] solutions for 𝐾𝐼/𝑝√𝜋𝑎 for 
/ 0.05it R  , / 0.167a c   
a/t 
a/c 
0.2 0.4 0.6 0.8 
0.25 3.6 0.3 4.4 4.2 
0.5 3.6 1.8 0.3 1.0 
1 4.8 5.8 6.9 8.3 
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Figure 3.7. Comparison between the Zahoor [32] and API 579 [31] solutions for / 0.1it R  , 
0.02 / 0.167a c  . 
 
 
 
Table 3.6 Deviation (%) between the Zahoor [32] and API 579 [31] solutions for 𝐾𝐼/𝑝√𝜋𝑎 for 
/ 0.1it R  , 0.02 / 0.167a c   
a/t 
a/c 
0.2 0.4 0.6 0.8 
0.03125 2.8 4.6 3.2 0.0 
0.0625 3.6 4.2 3.0 3.4 
0.125 5.3 5.8 5.8 8.6 
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Figure 3.8. Comparison between the Zahoor [32] and API 579 [31] solutions for / 0.1it R  , 
/ 0.167a c  . 
 
 
 
Table 3.7 Deviation (%) between the Zahoor [32] and API 579 [31] solutions for 𝐾𝐼/𝑝√𝜋𝑎 for 
/ 0.1it R  , / 0.167a c   
a/t 
a/c 
0.2 0.4 0.6 0.8 
0.25 5.9 3.3 0.3 2.5 
0.5 5.7 5.0 3.9 3.5 
1 6.8 8.8 10.5 11.6 
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Figure 3.9. Comparison between the Zahoor [32] and API 579 [31] solutions for / 0.2it R  , 
0.02 / 0.167a c  . 
 
 
 
Table 3.8 Deviation (%) between the Zahoor [32] and API 579 [31] solutions for 𝐾𝐼/𝑝√𝜋𝑎 for 
/ 0.2it R  , 0.02 / 0.167a c   
a/t 
a/c 
0.2 0.4 0.6 0.8 
0.03125 3.2 1.5 6.1 12.4 
0.0625 6.3 0.1 2.3 6.7 
0.125 0.6 1.2 1.7 3.8 
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Figure 3.10. Comparison between the Zahoor [32] and API 579 [31] solutions for / 0.2it R  , 
/ 0.167a c  . 
 
 
 
Table 3.9 Deviation (%) between the Zahoor [32] and API 579 [31] solutions for 𝐾𝐼/𝑝√𝜋𝑎 for 
/ 0.2it R  , / 0.167a c   
a/t 
a/c 
0.2 0.4 0.6 0.8 
0.25 7.1 6.6 3.3 1.9 
0.5 6.7 7.7 7.2 4.2 
1 7.5 11.2 13.8 14.1 
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Figure 3.11. Comparison between the Zahoor [32] and API 579 [31] solutions for 
/ 0.3333it R  , 0.02 / 0.167a c  . 
 
 
 
Table 3.10 Deviation (%) between the Zahoor [32] and API 579 [31] solutions for 𝐾𝐼/𝑝√𝜋𝑎 
for / 0.3333it R  , 0.02 / 0.167a c   
a/t 
a/c 
0.2 0.4 0.6 0.8 
0.03125 8.9 0.2 12.9 31.1 
0.0625 8.5 3.4 3.7 13.8\ 
0.125 6.8 3.4 1.1 1.8 
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Figure 3.12. Comparison between the Zahoor [32] and API 579 [31] solutions for 
/ 0.3333it R  , / 0.167a c  . 
 
 
 
Table 3.11 Deviation (%) between the Zahoor [32] and API 579 [31] solutions for 𝐾𝐼/𝑝√𝜋𝑎 
for / 0.3333it R  , / 0.167a c   
a/t 
a/c 
0.2 0.4 0.6 0.8 
0.25 4.0 5.3 2.1 5.0 
0.5 3.3 6.0 5.7 0.4 
1 3.7 6.8 11.1 10.1 
43 
 
  
Figure 3.13. Comparison between the Zahoor [32] and API 579 [31] solutions for 
/ 0.01667it R  , 0.02 / 0.167a c  . 
 
 
 
Table 3.12 Deviation (%) between the Zahoor [32] and API 579 [31] solutions for 𝐾𝐼/𝑝√𝜋𝑎 
for / 0.01667it R  , 0.02 / 0.167a c   
a/t 
a/c 
0.2 0.4 0.6 0.8 
0.03125 9.0 8.4 2.3 8.8 
0.0625 9.8 8.7 6.6 8.3 
0.125 11.5 9.8 10.5 22.1 
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Figure 3.14. Comparison between the Zahoor [32] and API 579 [31] solutions for 
/ 0.01667it R  , / 0.167a c  . 
 
 
 
Table 3.13 Deviation (%) between the Zahoor [32] and API 579 [31] solutions for 𝐾𝐼/𝑝√𝜋𝑎 
for / 0.01667it R  , / 0.167a c   
a/t 
a/c 
0.2 0.4 0.6 0.8 
0.25 116.5 111.9 112.9 132.4 
0.5 116.2 110.9 109.2 116.7 
1 119.3 119.2 120.5 124.4 
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3.4 Conclusion 
From the comparisons presented in the preceding sections, we conclude that the 
applicability of the Zahoor [32] solution to fatigue life calculations should be limited to specific 
ranges of / it R , /a c , and /a t . Thus the Zahoor solution will be used as follows:  
For 0.05 ≤ / it R ≤ 0.3333, 2 ≤ 2𝑐/𝑎 ≤ 12 and 0.2 ≤ 𝑎/𝑡 ≤ 0.8: 
𝐾𝐼 = 𝜎ℎ√
𝜋𝑎
𝑄
𝐹, (3.23) 
𝜎ℎ =
𝑝𝑅
𝑡
, (3.24) 
𝐹 = 1.12 + 0.053𝛼 + 0.0055𝛼2 +
(1 + 0.02𝛼 + 0.0191𝛼2) (20 −
𝑅
𝑡 )
2
1400
, (3.25)
 
𝛼 =
𝑎
𝑡
𝑎
2𝑐
, (3.26) 
𝑄 = 1 + 1.464 (
𝑎
𝑐
)
1.65
 . (3.27) 
For 0.05 ≤ / it R < 0.3333, 12 ≤ 2𝑐/𝑎 ≤ 64 and 0.2 ≤ 𝑎/𝑡 ≤ 0.8: 
𝐾𝐼 = 𝜎ℎ√𝜋𝑎𝐹, (3.28) 
𝐹 = 1.12 + 0.9035𝛼 + 2.4322𝛼2.5, (3.29) 
𝛼 = (
𝑎
𝑡
) (1 −
𝑎
2𝑐
)
5
(
2𝑐
𝑎
)
0.08
. (3.30) 
Comparing the above equations to those stated in Section 3.2, namely Eqs. (3.15) to Eqs. (3.22), 
one can see that all domains of applicability, namely 2𝑐/𝑎 , / it R , and 𝑎/𝑡 are bounded.    
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CHAPTER 4 
Rainflow counting methods for irregular loading 
histories 
Fracture of structures depends on many factors including the loading mode. In laboratory testing, 
fatigue is usually investigated under cycling loading with constant stress amplitude. However, real 
structures can experience complex irregular loading histories. In this case, for fatigue life 
estimation, some types of cycle assessment/counting method should be used to decompose 
irregular stress histories into ones involving simple constant amplitude stress. 
The rainflow counting method is a widely used counting method which identifies closed 
hysteresis type loops in stress-strain space [33]-[35] and the effect of each loop is treated as 
equivalent to a loop in a constant amplitude stress history of the same magnitude. There are two 
rainflow counting methods: the three-point algorithm and the four-point algorithm. To illustrate 
these two methods in our analysis of pressurized pipelines, in the following S is used to denote the 
stress and ∆S the stress range. 
4.1 Three-point rainflow counting method 
4.1.1 Introduction 
This method requires the entire loading history be known before analyzing the data. The 
data should be rearranged such that the loading history starts and ends with the overall maximum 
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or minimum pressure.  Then the possibility of a cycle is examined using three successive points 
(i,  𝑖 + 1 , 𝑖 + 2), where ∆𝑆1 = |𝑆𝑖 − 𝑆𝑖+1| and ∆S2 = |Si+1 − Si+2| . If ∆S1 ≤ ∆S2 , there is a 
hysteresis loop represented by extreme values  S𝑖 , S𝑖+1, see Figure 4.1. Then these two points are 
removed from the series and the two remaining parts of the sequence are connected. If not, then 
we consider the next sequence of the data points (i.e. 𝑖 + 1, 𝑖 + 2, 𝑖 + 3) and conduct the same 
analysis.  
 
Figure 4.1. Loop demonstration for three-point rainflow counting method for stress sequence 1, 
2, 3. The plots on the left show stress as a function of time and the plots on the right show stress 
as a function of strain. 
The test is repeated until the last point of the sequence are reached. The results of this 
process are stored as the peaks and valleys of each loop and the numbers of loops are also recorded. 
The three-point method was developed by Downing & Socie [33] to allow analyzing without the 
rearrangement and operating in real-time by setting a starting point S, which is the first occurrence 
of either the maximum peak or the minimum valley at the point in the history.  
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4.1.2 Algorithm 
The peaks and valleys of the sequence 𝑆𝑖 (1 ≤ 𝑖 ≤ 𝑁) after rearrangement are the input to 
the algorithm. The flowchart of the three-point rainflow method is given in Figure 4.2. When a 
fatigue cycle is extracted (points i and 𝑖 + 1 ) the points 𝑖 − 2 , 𝑖 − 1 , and 𝑖 + 2  should be 
reconsidered since the new arrangement of the data results in the new range between  𝑖 − 1 and 
𝑖 + 2 which should be compared with that between points 𝑖 − 2 and 𝑖 − 1. The process is repeated 
until no data remain in the sequence. 
 
Figure 4.2. Algorithm for the three-point rainflow counting method, where i is the running index, 
N is the total number of points in the stress sequence, S𝑖, S𝑖+1, S𝑖+2 are the stresses for points i, 
𝑖 + 1, 𝑖 + 2, respectively, and ∆𝑆1, ∆𝑆2 denote stress range between these three points. 
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4.2 Four-point rainflow counting method 
4.2.1 Introduction 
The Four-point rainflow counting method does not need rearrangement of the sequence 
and therefore it can follow the real-time stress loading. However, this method needs four points 
for evaluation of closed hysteresis loops. The process is similar to that of the three-point rainflow 
counting method. Considering the values of stress for four successive points (i, 𝑖 + 1, 𝑖 + 2, 𝑖 +
3 ), we now define three stress ranges: ∆𝑆1 = |𝑆𝑖 − 𝑆𝑖+1| , ∆S2 = |Si+1 − Si+2| , and ∆S3 =
|Si+2 − Si+3|. If ∆S2 ≤ ∆S1 and ∆S2 ≤ ∆S3, there is a hysteresis loop represented by the extreme 
values S𝑖+1 and S𝑖+2 as shown in Figure 4.3. Then these two points are removed from the series 
and the two remaining parts of the sequence are connected. If not, the next sequence of data points, 
i.e. 𝑖 + 1, 𝑖 + 2, 𝑖 + 3, and 𝑖 + 4 is considered and the same test is employed. 
 
Figure 4.3. Loop demonstration for four-point rainflow counting method for stress sequence 1, 
2, 3, 4.  The plots on the left show stress as a function of time and the plots on the right show 
stress as a function of strain. 
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The process is repeated until the last point of the sequence is reached. At the end of the 
process, the remaining points are called the residue. The results of the process are the peaks and 
valleys of each loop and the number of loops. 
Because there is no rearrangement of data, the residue may contain several points including 
the maximum and minimum value of the sequence. The residue has two properties: first, it has 
successive transitions first increase and then decrease; second, there are no closed hysteresis loops 
that can be extracted from the residue. However, comparing to the results of the three-point 
rainflow counting method, there are still some fatigue cycles that should be identified from the 
sequence. Therefore, the treatment of the residue is important. 
Amzallag et al. [34] proposed two methods: decomposition into cycles and storage for 
sequence reconstruction. To predict fatigue life, decomposition into cycles is used to deal with the 
residue. This method adds two sequences of the residue to create a new sequence and then uses 
four-point rainflow counting method to extract the cycles from this new sequence. After the 
extraction of the stress cycles, there is still a residue which is identical to the initial one. The 
advantage of this technique is that the same procedure is adopted to decompose the sequence into 
cycles as before. 
4.2.2 Algorithm 
The algorithm of this method is similar to that for the three-point counting method. The 
peaks and valleys of the sequence 𝑆𝑖 (1 ≤ 𝑖 ≤ 𝑁) are the inputs. The flowchart of the four-point 
rainflow method is given in Figure 4.4. 
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Figure 4.4. Algorithm for the four-point rainflow counting method, where i is the running index, 
N is the total number of points in the stress sequence, S𝑖, S𝑖+1, S𝑖+2, S𝑖+3 are the stresses for 
points i, 𝑖 + 1, 𝑖 + 2, 𝑖 + 3, respectively, and ∆𝑆1, ∆𝑆2, ∆𝑆3 denote stress range between these 
four points. 
4.3 Comparison of the two rainflow counting methods 
The two methods involve similar cycle counting and the algorithms. McInnes and Meehan 
[36] has demonstrated that the two algorithms are equivalent and the conclusions are as follows: 
if the sequence for the four-point method is rearranged as for the three-point method, the outcome 
will be the same; the two methods yield same fatigue cycles but the order of these cycle is different. 
Because of this property, in this thesis, the three-point rainflow counting method is used for the 
fatigue crack growth calculations as the stress loading history is known and in addition, the three-
point rainflow counting method is easier to implement than the four-point rainflow counting 
method.  
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CHAPTER 5 
Fatigue crack growth of a semi-elliptical crack on the 
ID surface of pipeline 
5.1 Introduction 
In Chapter 2, the relationship between the fatigue crack growth rate, FCGR, and the stress intensity 
factor range for pipeline materials has been established. In Chapter 3, bounds to the parameters 
2 /c a , /a t , and / it R  were introduced for the closed form Zahoor [32] expression for the 
calculation of the stress intensity factor at the deepest point of a semi-elliptical crack on the ID 
surface of a pipeline. The bounds were calculated by comparing the original solution proposed by 
Zahoor [32] with the solutions of Raju and Newman [28] and API 579 [31], which are approximate 
solutions derived by direct interpolation of 3-D finite element calculations of the stress intensity 
factor. In this Chapter, the fatigue life of a pressurized pipeline is estimated by calculating the 
crack depth as a function of time through the use of the three-point rainflow method as described 
in Chapter 4.  The procedure is schematically outlined in Figure 5.1. The calculation is stopped 
when the crack depth reaches the threshold stress intensity factor [20] or a critical depth.  
As shown in Figure 5.1, the basic idea underlying the crack depth prediction involves the 
use of the pressure peaks and valleys of each loading cycle to obtain the stress-intensity factor 
range K  and then from the /da dN  vs. K  data as reported in Chapter 2 to determine the crack 
growth per cycle, da . By adding da  to the crack depth a  at the beginning of the cycle, the new 
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crack depth for the current fatigue loading cycle is obtained and used as the initial crack depth for 
the next loading cycle. The process is repeated until the maximum stress-intensity factor reaches 
the threshold stress intensity factor [20] or a critical value for the crack depth, which is taken to 
be 0.8ca t , when the maximum stress intensity factor is less than the threshold intensity factor.  
The latter case of an ad-hoc critical depth ca can be the case in pipelines subjected to small 
pressures.  For such cases it is possible that the maximum stress intensity factor 
maxK remains less 
than the threshold even when the crack tip is about to reach the outer diameter (OD) surface. 
Pipeline life is calculated for all API steels for 0.5R   except the X42 steel, for the X42 
steel for 0.1R  , and steel X42 steel for 0.8R  . The effect of the load ratio R on the fatigue life 
of steel X42 is discussed in Section 5.5.3.  
 
Figure 5.1. Procedure of crack growth prediction [3]. 
 
 
 
 
 
54 
 
5.2 Threshold stress intensity factor IHK  for API steels X42, X60, 
and X70 
As 
IcK  is the stress-intensity factor for fracture initiation under rising load in an inert 
environment, 
IHK  is the stress-intensity factor for fracture initiation measured in hydrogen gas 
[20]. In Table 5.1, 
IHK  and IcK  for three API steels are shown for the three cases of steels to be 
investigated. The 
IHK   and IcK values for X42, X60, and X70 shown in Table 5.1 are taken from 
the Table 3.2.1.1 of the Sandia Report by San Marchi and Somerday [20].  
 Table 5.1 Threshold stress intensity factors 
IHK  for carbon steels in hydrogen gas and fracture 
toughness 
IcK  in air, helium or nitrogen at room temperature [20] 
API Steel IHK ( MPa m ) IcK ( MPa m ) 
X42 69 147 
X60 82 142 
X70 95 197 
5.3 Pressure loading history  
In the absence of experimental data, a year-long pressure history will be devised. It will be 
assumed that this pressure distribution remains unchanged for all subsequent years. It is further 
assumed that the pressure changes daily around a mean pressure. In this regard, the pressure p of 
the hydrogen gas is assumed to be a sine function such that:  
1 2sin(2 / 365)mp p p d p    , (5.1), 
where d  is an integer number representing the date of the year; mp  and 1p  are constants used and 
define the mean value of the pressure, 
1p  is used to describe seasonal pressure changes, and 2p  
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is random real number changing with d , thus representing the daily change of pressure. All 
parameters
mp , 1p , and 2p  are measured in MPa. 
An example plot of an annual pressure loading history is presented in Figure 5.2 for which 
the values of pressure peaks and valleys for each fatigue cycle can be found in Appendix B. The 
corresponding parameters for Eq. (5.1) are: 46.0MPamp  , 1 4.2MPap  , 2p  is a random real 
number changing from -3.0 to 3.0 MPa. 
 
Figure 5.2. Annual hydrogen pressure history produced by Eq. (5.1) for mean pressure 
46.0MPamp  , seasonal change 1 4.2MPap  , and 2p  being a random real number 
changing from -3.0 to 3.0 MPa. 
5.4 Algorithm 
As stated in Section 5.3, the line pipe is subjected to the annual pressure distribution shown 
in Figure 5.2 and which remains unchanged in subsequent years. Algorithmic implementation of 
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the crack growth calculation scheme shown in Figure 5.1 is done as shown in Figure 5.3, in which 
j  denotes time in years. The process is repeated till the maximum stress intensity factor 
maxK  
reaches the threshold stress intensity 
IHK  in the presence of hydrogen or the fracture toughness 
IcK in the absence of hydrogen or when the crack depth reaches the critical crack depth 𝑎𝑐. 
 
Figure 5.3. Algorithm for crack growth prediction, where i is the cycle running index, j is the 
year, 0a  is the initial crack depth, a is the current crack depth, /da dN  is the crack growth rate, 
da  is the current crack growth, maxip  and minip  are the current peak and valley pressures, 
respectively, maxK  and minK  are the current maximum and minimum stress intensity factors, 
respectively, K  is the stress intensity factor range, 
IHK  is the threshold stress intensity, and 
IcK  is the fracture toughness. 
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5.5 Results  
The pipeline and crack dimensions for the calculations are chosen as follows: R=131.9 mm, 
t=9.3 mm, c=9.3 mm, 𝑎𝑐=0.8t. The calculations for the fatigue life of the line pipe for the steel 
X60 steel (representing all API steels as discussed in Section 2.4.1, except X42 steel) are carried 
out for load ratio 0.5R   and for X42 steel for load ratios 0.1R   and 0.8R  . The results are 
presented and compared in the following sections. 
5.5.1 Results for API steels at 0.5R   
The X60 steel with 
IHK  equal to 82 MPa m and IcK equal to 142 MPa m , as shown in 
Table 5.1, is used for the calculations as a representative steel for all API steels. For fixed line 
pipe and crack initial dimensions and given pressure course, the life of the pipeline strongly 
depends on the initial crack depth 
0a , as shown in Figure 5.4 for normalized initial crack depths 
0 /a t =0.24, 0.25, 0.26, 0.27, and 0.28, where t is the thickness of the line pipe. The applied 
pressure history is as shown in Figure 5.2.  
It is apparent that both in hydrogen and air, the life of the pipelines gets shorter as the 
initial crack depth gets longer. Figure 5.4 shows that the crack in hydrogen grows linearly with 
time. The reason of this linearity is because the amount of crack growth per load cycle is small for 
small K , which is also nearly the same for each year, and this leads to the linear relationship of 
/a t  vs. time. Since for all cases of initial crack depth 0a  the line pipe fails when maxK  reaches 
IHK  in hydrogen,  the crack depth at failure a  is independent of the initial crack depth and is equal 
to 2.67 mm (0.287t). Figures 5.4a and b respectively for growth in hydrogen and air show that 
hydrogen remarkably increases the crack growth rate whereas cracks propagate very slowly in air. 
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(a) 
 
(b) 
Figure 5.4. Crack depth /a t  for various normalized initial crack depths and load ratios 
0.5R   (a) in hydrogen, and (b) in air. 
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In Figure 5.5, the line pipe life is plotted as a function of the normalized initial crack depth 
of 0 /a t .  Clearly the life appears to be varying linearly with initial crack depth. This probably is 
because the relationship of the crack depth /a t  vs. time is linear, and the lines of /a t  vs. time for 
different 0 /a t  are parallel. As 0 /a t  increases, the life becomes shorter since the crack reaches 
faster the critical depth at which the threshold stress intensity factor is reached. Therefore, one 
concludes that the life of the line pipe in hydrogen gas depends strongly on the initial crack depth. 
 
Figure 5.5. Line pipe life vs. initial crack depth 0 /a t  for API steels under load ratio 0.5R  . 
5.5.2 Results for X42 at 0.8R   
The results for the X42 steel under load ratio 0.8R   are represented in this section and 
juxtaposed to the results for 0.5R   presented for the other API steels in the preceding section. 
60 
 
The 
IHK  is 69 MPa m and IcK  147 MPa m from Table 5.1. The pressure history is described 
by Eq. (5.1) in which 36.0MPamp  , seasonal change 1 2.2MPap  , and the random real number 
2p  varies from -1.15-1.15 MPa. The results are shown in Figure 5.6. 
 For initial crack depth 0 /a t =0.3, 0.32, 0.34, and 0.36, the behavior in hydrogen and air is 
correspondingly similar to that for 0.5R   for all other API steels: marked enhancement of crack 
growth in hydrogen is the case, the crack  propagates very slowly in air and there is a critical crack 
depth for all initial crack depths 0 /a t  at which the threshold stress intensity is reached. Note that 
the relationship of /a t  vs. pipeline life is not a smooth line. Because the rainflow counting method 
counts the largest fatigue cycle as the last cycle of the fatigue cycle sequence, there are jumps in 
the stress intensity factor range at the end of each year which leads to serrated response. Also, the 
crack depth /a t  for the steel X42 is not linear with time. This may be due to the fact that crack 
depth increment in each loading cycle is larger in steel X42 for 0.8R   than in the other API 
steels, especially in view of the jump at the end of each year. 
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(a) 
  
(b) 
Figure 5.6. Crack depth /a t  for various normalized initial crack depths and load ratio 0.8R   
(a) in hydrogen and (b) in air. 
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Figure 5.7 shows that the relationship of the line pipe life to the initial crack depth 0 /a t  
for X42 appears to not be linear because of the nonlinear nature of the relationship of crack depth 
/a t  vs time, as shown in Figure 5.6a for the API steels. This demonstrates that the specific 
material response /da dN  vs. K as described in Chapter 2 for the two materials systems under 
consideration plays a significant role in the fatigue crack growth response of the line pipe. 
 
Figure 5.7. Line pipe life vs. initial crack depth 0 /a t  under load ratio 0.8R   for X42 steel. 
5.5.3 Load ratio effect on the life of X42 steel 
In this section, the fatigue life of steel X42 in hydrogen at load ratio 0.8R   is compared 
to the fatigue life for load ratio 0.1R   for initial crack depth 0 0.36 3.348a t mm   and pressure 
history as described by Eq. (5.1) in which 36.0MPamp  , 1 2.2MPap  , 2p  random real number 
varying from -1.15-1.15 MPa. 
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The results shown in Figure 5.8 indicate that the fatigue crack growth rate at 0.8R   is 
faster than 0.1R  . As shown from Eqs. (2.5) and (2.6) that describe the fatigue crack growth rate 
for steel X42 in hydrogen at 0.8R   and Eq. (2.8) at 0.1R  , the rate under 0.8R   is faster due 
to the larger exponent m in the Paris law expression. This is an interesting result that draws 
attention to the fact that for conservative life estimation of the other API steels, experimental data 
for fatigue crack growth vs. stress intensity factor range at higher than 0.5 load ratios are needed.  
This is due to the fact that in real-life pipelines the load ratio can be higher than 0.5.  
 
Figure 5.8. Effect of load ratio R on fatigue life of steel X42 in hydrogen. The parameter t 
denotes the thickness of the line pipe. 
5.6 Conclusion 
The relationship of the normalized crack depth /a t  vs. time measured in years in hydrogen 
and air has been calculated for a number of API steels (X52, X60, X65, X70, API 5L Grade B) at 
0.5R   and steel X42 at 0.8R   for several initial crack depths 0a . The behavior of steel X42 
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was also investigated at 0.8R   (very high load ratio) and 0.1R   under the same hydrogen 
pressure history and initial crack depth 0a . It is striking that hydrogen remarkably enhances the 
crack growth while the cracks almost hardly propagate in air. As expected, the pipeline life is 
shorter with increasing initial depth, 0a . Significantly, crack growth at high load ratio is much 
faster than at low load ratio.  
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CHAPTER 6 
Conclusions 
In this thesis the growth of a semi-elliptical longitudinal crack on the ID surface in hydrogen 
pipelines of several API steels was investigated under random pressure fluctuations. In this 
chapter the important results are summarized and a few topics for further study are suggested. 
6.1 Summary of the thesis 
The calculation of fatigue life of a line pipe involves the following three steps, each one of 
which is presented in detail in Chapters 2 through 3. 
In Chapter 2, the experiment data of fatigue crack growth rate vs. stress-intensity factor 
range were presented for API 5L steels: X42, X52, X60, X65, X70, and Grade B. The effects of 
hydrogen pressure, frequency, and load ratio on the crack growth response for each API steel were 
discussed. The data exhibit a Paris law behavior with material constants C and m determined for 
all API steels investigated, except steel X42, for load ratio 0.5R  . For steel X42 the data were 
considered at load ratios 0.1R  and 0.8R  .  
In Chapter 3, three methods for the calculation of the stress-intensity factor at the deepest 
point of a semi-elliptical crack on the ID surface of a line pipe were compared: the numerical 
methods of Raju and Newman [28] and API 579 [31] and the closed form solution of Zahoor [32]. 
The details of each method can be found in Appendix A. After comparing the results of the three 
methods for different normalized line pipe thickness, / it R , crack size, /a c , and crack depth  /a t , 
where iR  is the inner radius of the line pipe and t is the thickness, we concluded that the Zahoor 
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expression yields stress intensity factor magnitudes in close agreement with the two numerical 
methods.  With the use of the numerical methods results, we identified the range of the parameters 
in the Zahoor solution for which the use of the closed form predictions best reproduce the 
numerical results. Thus, since the Zahoor solution is accurate enough to calculate the stress 
intensity factor, it was used for the calculations of the crack growth for geometric dimensions 
within the range of validity. 
In Chapter 4, the rainflow counting method was introduced for the analysis/treatment of a 
random hydrogen pressure history in the calculations of the fatigue crack growth. The 
corresponding algorithms of the three-point rainflow counting method and the four-point rainflow 
counting method were presented and compared. Because the three-point rainflow counting method 
is easy to apply algorithmically and because the entire hydrogen pressure history is known, the 
three-point counting method was chosen for the fatigue crack growth calculations.  
In Chapter 5, the algorithm of the crack depth calculation was introduced and a sample of 
random pressure loading over a period of a year with daily increments was presented. In the crack 
growth calculations, the crack growth was stopped when the maximum stress intensity factor
maxK
reached the threshold stress intensity factor
IHK in hydrogen or the fracture toughness IcK  in air, or 
when the crack depth reached the critical crack depth ca , which was taken equal to 0.8t. The  
normalized crack depth, /a t , in hydrogen and air was calculated vs. time for API steels for load 
ratio 0.5R   and steel X42 for 0.8R   for different initial crack depths 0a . The calculations 
demonstrate that hydrogen accelerated fatigue crack growth in comparison to that in air. In 
addition, the results for the normalized crack depth /a t  vs. time in hydrogen for steel X42 at load 
ratios 0.1R   and 0.8R   were compared. It was found that the crack growth is much larger at 
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higher load ratios. Thus it was concluded that the hydrogen load ratio and the initial crack depth 
0a  have significant influence on the crack growth and pipeline life. 
6.2 Future work 
When comparing the crack depth calculations for steel X42 at 0.8R   and 0.1R  , we 
concluded that there is a strong load ratio effect.  Since the load ratio due to pressure fluctuations 
can be on the order of 0.8 [10], additional experimental data should be produced for the API steels 
for which we only have data for 0.5R  , as the data were reviewed in Chapter 2.   
In addition, since the crack depth calculations are limited to the geometric range of validity 
of the Zahoor solution, a stress-intensity factor calculation with a wider range of applicability 
should be devised to treat the full range of surface flaws. 
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APPENDIX A 
Calculation of the stress intensity factor for a semi-
elliptical crack on the ID surface of a line pipe: the 
API 579 [31] and Raju and Newman [28] solutions.  
A.1 Weight function method for stress intensity factor calculation 
Shen and Glinka [37] found the mode I weight function for the calculation of the stress intensity 
factor at the deepest point of a semi-elliptical crack on the inner surface of a cylinder, as shown in 
Figure 3.1, as: 
ℎ(𝑥, 𝑎) =
1
√2𝜋(𝑎 − 𝑥)
(1 + 𝑀1 (1 −
𝑥
𝑎
)
0.5
+ 𝑀2 (1 −
𝑥
𝑎
) + 𝑀3 (1 −
𝑥
𝑎
)
1.5
) , (𝐴. 1) 
where 𝑎 is the crack depth and 𝑀1, 𝑀2, 𝑀3  are parameters that depend on the cylinder geometric 
dimensions and the crack size. It is noted that ℎ(𝑥, 𝑎) in Eq. (A.1) denotes the y component of the 
weight function (see Figure A.2). Then for a given applied stress distribution on the crack surfaces, 
( )x , where x is measured from the inner surface of the cylinder, the stress intensity factor is 
calculated as: 
𝐾𝐼 = 2 ∫ 𝜎(𝑥)ℎ(𝑥, 𝑎)𝑑𝑥 
𝑎
0
. (𝐴. 2)   
For a power law stress distribution, as shown in Figure A.1 
𝜎𝑛(𝑥) = 𝜎𝑖(
𝑥
𝑎
)𝑛  ,                                                               (𝐴. 3) 
where here n=i=0, 1, 2, 3, 4 and 𝜎𝑖 is constant, substitution of (A.1) and (A.3) into (A.2) yields 
𝐾𝐼 = 𝜎𝑖√
𝜋𝑎
𝑄
𝐺𝑛 , (𝐴. 4) 
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𝑄 = 1 + 1.464
𝑎
𝑐
1.65
 , (𝐴. 5) 
and 𝐺𝑛(𝑛 = 0, 1, 2, 3, 4)  are influence coefficients that depend on the cylinder and crack 
dimensions. 
 
Figure A.1. Stress distribution on crack surface: (a) n=0 (b) n=1. 
Based on the linear superposition principle [38], the stress intensity factor KI of a cracked 
solid subjected to a loading S is equal to the stress intensity factor KI of the same crack and the 
same solid with the crack surfaces subjected to the stress distribution 𝜎(𝑥) which develops by the 
loading S in the absence of the crack, as shown in Figure A.2. Thus, to calculate the stress intensity 
factor IK  of the cracked solid shown in Figure A.2, one needs to calculate the stress intensity 
factor due to the internal stress distribution 𝜎(𝑥) on the crack surface under the loading S.  
 
Figure A.2. Linear superposition principle for the calculation of the stress intensity factor of a 
cracked solid under loading S. 
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The principle of linear superposition can be applied to calculate the stress intensity factor
IK  of a semi-elliptical crack on the inner surface of a cylinder under internal pressure p as shown 
in Figure A.3. Accordingly: 
𝐾𝐼 = 𝐾𝐼(𝑎) + 𝐾𝐼(𝑏) , (𝐴. 6) 
where ( )I aK  is the contribution from configuration (a) of Figure A.3 (pressure acting only on the 
internal surface of the cylinder) and ( )I bK  is the contribution from configuration (b) of Figure A.3 
(pressure acting only on the crack surfaces). 
It is obvious that ( )I bK  can be calculated through the weight function approach of Eq. (A.2) 
in which ( )x p  . 
 
Figure A.3. Linear superposition principle for the calculation of the stress intensity factor of a 
crack on the internal surface of a cylinder under internal pressure p: (a) the pressure is acting 
only along the inner surface of the cylinder and not along the crack surfaces, (b) the pressure is 
acting only along the crack surfaces. 
For the calculation of ( )I aK , application of the linear superposition principle as shown in 
Figure A.4 dictates that ( )I aK  can be determined through the weight function approach of Eq. (A.2) 
in which ( )( ) ( )ax x  , where 𝜎(𝑎)(𝑥) is the hoop stress that develops in the pressurized cylinder 
along 0 x a   in the absence of the crack on the inner surface of the cylinder.   
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Figure A.4. Linear superposition principle for the calculation of ( )I aK . 
Thus, the stress intensity factor IK  is calculated through the weight function approach of Eq. 
(A.2) in which ( )( ) ( )ax p x    (see Figure A.5).  The hoop stress 𝜎(𝑎)(𝑥)  can be readily 
calculated as: 
𝜎(𝑎)(𝑥) = 𝑝
𝑅𝑖
2
𝑅𝑜
2 − 𝑅𝑖
2 [1 + (
𝑅𝑖 + 𝑡
𝑅𝑖 + 𝑥
)
2
] , (𝐴. 7) 
where iR  is the inner radius of the cylinder, 0R  is the outer radius, t  is the thickness, and x  is 
measured from the mouth of the crack as shown in Figures A.3 and A.4. Using Eq. (A.7), one 
calculates  
𝜎(𝑥) = 𝑝 {1 +
𝑅𝑖
2
𝑅𝑜
2 − 𝑅𝑖
2 [1 + (
𝑅𝑖 + 𝑡
𝑅𝑖 + 𝑥
)
2
]} , (𝐴. 8) 
or 
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𝜎(𝑥) = 𝑝
𝑅𝑜
2
𝑅𝑜
2−𝑅𝑖
2 [1 +
1
(1+
𝑥
𝑅𝑖
)
2] . (𝐴. 9)   
 
Figure A.5. Linear superposition principle for the calculation of the stress intensity factor of a 
crack on the internal surface of a cylinder under internal pressure p. 
using the Taylor series expansion 
1
(1 +
𝑥
𝑅𝑖
)
2 = 1 − 2
𝑥
𝑅𝑖
+ 3 (
𝑥
𝑅𝑖
)
2
− 4 (
𝑥
𝑅𝑖
)
3
+ 5 (
𝑥
𝑅𝑖
)
4
+ ⋯, 
one finds that Eq. (A.9) becomes 
𝜎(𝑥) = 𝑝
𝑅𝑜
2
𝑅𝑜
2 − 𝑅𝑖
2 [2 − 2
𝑥
𝑅𝑖
+ 3 (
𝑥
𝑅𝑖
)
2
− 4 (
𝑥
𝑅𝑖
)
3
+ 5 (
𝑥
𝑅𝑖
)
4
+ ⋯ ] . (𝐴. 10) 
A.2 API 579 [31] solution 
The stress intensity factor IK  is calculated in API 579 through Eq. (A.2) in which the first 
five terms of the expansion for the stress 𝜎(𝑥) in Eq. (A10) are used: 
𝜎(𝑥) = 𝑝
𝑅𝑜
2
𝑅𝑜
2 − 𝑅𝑖
2 [2 − 2
𝑥
𝑅𝑖
+ 3 (
𝑥
𝑅𝑖
)
2
− 4 (
𝑥
𝑅𝑖
)
3
+ 5 (
𝑥
𝑅𝑖
)
4
] . (𝐴. 11) 
Based on the linear superposition principle, IK  is calculated by adding the contributions from 
each individual term of Eq. (A.11) as calculated through Eq. (A.4). These contributions are as 
follows: 
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1st term (uniform applied stress): 𝜎0 = 2𝑝
𝑅𝑜
2
𝑅𝑜
2−𝑅𝑖
2                        𝐾𝐼0 = 2𝑝
𝑅𝑜
2
𝑅𝑜
2−𝑅𝑖
2 √
𝜋𝑎
𝑄
𝐺0 , 
2nd term (linear applied stress): 𝜎1 = −2𝑝
𝑅𝑜
2
𝑅𝑜
2−𝑅𝑖
2
𝑎
𝑅𝑖
                    𝐾𝐼1 = −2𝑝
𝑅𝑜
2
𝑅𝑜
2−𝑅𝑖
2
𝑎
𝑅𝑖
√
𝜋𝑎
𝑄
𝐺1 , 
3rd term (quadratic applied stress): 𝜎2 = 3𝑝
𝑅𝑜
2
𝑅𝑜
2−𝑅𝑖
2 (
𝑎
𝑅𝑖
)
2
             𝐾𝐼2 = 3𝑝
𝑅𝑜
2
𝑅𝑜
2−𝑅𝑖
2 (
𝑎
𝑅𝑖
)
2
√
𝜋𝑎
𝑄
𝐺2 , 
4th term (cubic applied stress): 𝜎3 = −4𝑝
𝑅𝑜
2
𝑅𝑜
2−𝑅𝑖
2 (
𝑎
𝑅𝑖
)
3
                 𝐾𝐼3 = −4𝑝
𝑅𝑜
2
𝑅𝑜
2−𝑅𝑖
2 (
𝑎
𝑅𝑖
)
3
√
𝜋𝑎
𝑄
𝐺3 , 
5th term (quartic applied stress): 𝜎4 = 5𝑝
𝑅𝑜
2
𝑅𝑜
2−𝑅𝑖
2 (
𝑎
𝑅𝑖
)
4
              𝐾𝐼4 = 5𝑝
𝑅𝑜
2
𝑅𝑜
2−𝑅𝑖
2 (
𝑎
𝑅𝑖
)
4
√
𝜋𝑎
𝑄
𝐺3 , 
Thus, adding the above 5 contributions, yields:  
𝐾𝐼 = 𝑝
𝑅𝑜
2
𝑅𝑜
2 − 𝑅𝑖
2 √
𝜋𝑎
𝑄
[2𝐺0 − 2
𝑎
𝑅𝑖
𝐺1 + 3 (
𝑎
𝑅𝑖
)
2
𝐺2 − 4 (
𝑎
𝑅𝑖
)
3
𝐺3 + 5 (
𝑎
𝑅𝑖
)
4
𝐺4] . (𝐴. 12) 
The calculation of the influence coefficients 𝐺0 through 𝐺4 has been done by Fett et al. 
[39], and their work is reviewed in the following. 
First, Fett et al. [39] claimed that the second partial derivative of the yu  displacement for 
single edge crack vanishes at the mouth ( 0x  ) of a Mode I crack, namely 
0, 0
/ 0y x y
u x
 
   . 
The process by which Fett et al. [39] arrived at this claim is reproduced below. 
For a single edge crack in Mode I, symmetry implies that  
 𝜎𝑥𝑦(𝑥, 𝑦) = −𝜎𝑥𝑦(𝑥, −𝑦) ,  
𝜎𝑥𝑦(𝑥, 0) = 0, (𝐴. 13) 
and assuming zero tractions along the y -axis at 0x    
 𝜎𝑥𝑥(0, 𝑦) = 𝜎𝑥𝑦(0, 𝑦) = 0 . (𝐴. 14) 
This assumption may be valid for long cracks. In addition, by assuming that the stresses 𝜎𝑥𝑥 and 
𝜎𝑥𝑦 can be represented by power series, one can write: 
𝜎𝑥𝑥 = ∑ ∑ 𝐴𝛼𝛽𝑥
𝛼𝑦𝛽∞𝛽=0
∞
𝛼=0 ,         
 𝜎𝑥𝑦 = ∑ ∑ 𝐵𝛼𝛽𝑥
𝛼𝑦𝛽 .  ∞𝛽=0
∞
𝛼=0 (𝐴. 15) 
By virtue of Eqs. (A.13) and (A.14)  
𝜎𝑥𝑦(𝑥, 0) = ∑ ∑ 𝐵𝛼𝛽𝑥
𝛼0𝛽 =
∞
𝛽=0
∞
𝛼=0
∑ 𝐵𝛼0𝑥
𝛼
∞
𝛼=0
= 0, 
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𝐵𝛼0 = 0 . (𝐴. 16) 
Similarly, 
𝜎𝑥𝑥(0, 𝑦) = ∑ ∑ 𝐴𝛼𝛽0
𝛼𝑦𝛽 =
∞
𝛽=0
∞
𝛼=0
∑ 𝐴0𝛽𝑦
𝛽
∞
𝛼=0
= 0, 
𝜎𝑥𝑦(0, 𝑦) = ∑ ∑ 𝐵𝛼𝛽0
𝛼𝑦𝛽 =
∞
𝛽=0
∞
𝛼=0
∑ 𝐵0𝛽𝑦
𝛽
∞
𝛼=0
= 0, 
𝐴0𝛽 = 𝐵0𝛽 = 0. (𝐴. 17) 
The strain-displacement relations are:  
2𝜀𝑥𝑦 =
𝜕𝑢𝑦
𝜕𝑥
+
𝜕𝑢𝑥
𝜕𝑦
, (𝐴. 18)                                                              
𝜀𝑥𝑥 =
𝜕𝑢𝑥
𝜕𝑥
, (𝐴. 19) 
Substitution of (A.19) into (A.18) yields: 
 
𝜕2𝑢𝑦
𝜕𝑥2
=
𝜕(2𝜀𝑥𝑦 −
𝜕𝑢𝑥
𝜕𝑦 )
𝜕𝑥
= 2
𝜕𝜀𝑥𝑦
𝜕𝑥
−
𝜕
𝜕𝑦
𝜕𝑢𝑥
𝜕𝑥
= 2
𝜕𝜀𝑥𝑦
𝜕𝑥
−
𝜕𝜀𝑥𝑥
𝜕𝑦
, (𝐴. 20) 
According to Hooke’s Law:  
𝜀𝑥𝑥 =
1
2𝜇
[𝜎𝑥𝑥 − ?̂?(𝜎𝑥𝑥 + 𝜎𝑦𝑦)], (𝐴. 21)       
2𝜀𝑥𝑦 =
𝜎𝑥𝑦
𝜇
 , (𝐴. 22)
where 𝜇 =
𝐸
2(1+𝜈)
  and ?̂? = {
𝜈        𝑝𝑙𝑎𝑛𝑒 𝑠𝑡𝑟𝑎𝑖𝑛 
𝜈
  1+𝜈
 𝑝𝑙𝑎𝑛𝑒 𝑠𝑡𝑟𝑒𝑠𝑠
. 
Lastly, equilibrium implies that: 
𝜕𝜎𝑦𝑦
𝜕𝑦
+
𝜕𝜎𝑥𝑦
𝜕𝑥
= 0 . (𝐴. 23) 
Substitution of Eqs. (A.21), (A.22), and (A.23) into Eq. (A.20), yields:  
𝜕2𝑢𝑦
𝜕𝑥2
=
1
𝜇
𝜕𝜎𝑥𝑦
𝜕𝑥
−
1
2𝜇
[
𝜕𝜎𝑥𝑥
𝜕𝑦
− ?̂? (
𝜕𝜎𝑥𝑥
𝜕𝑦
+
𝜕𝜎𝑦𝑦
𝜕𝑦
)] ,                                                                
𝜕2𝑢𝑦
𝜕𝑥2
=
2−?̂?
2𝜇
𝜕𝜎𝑥𝑦
𝜕𝑥
−
1−?̂?
2𝜇
𝜕𝜎𝑥𝑥
𝜕𝑦
, (𝐴. 24) 
Using the power series representation (A.15) at point (0,0) and considering conditions (A.16) and 
(A.17), one calculates the stress derivatives as follows:   
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𝜕𝜎𝑥𝑦
𝜕𝑥
|𝑥=𝑦=0 =
𝜕 ∑ ∑ 𝐵𝛼𝛽𝑥
𝛼0𝛽∞𝛽=0
∞
𝛼=0
𝜕𝑥
|𝑥=0 =
𝜕 ∑ (𝐵𝛼0𝑥
𝛼00+𝐵𝛼1𝑥
𝛼01+𝐵𝛼2𝑥
𝛼02+⋯ )∞𝛼=0
𝜕𝑥
|𝑥=0 =
𝜕 ∑ 𝐵𝛼0𝑥
𝛼∞
𝛼=0
𝜕𝑥
|𝑥=0 = ∑ 𝛼𝐵𝛼0𝑥
𝛼−1|𝑥=0
∞
𝛼=1 = 𝐵10 + 2𝐵200
1 + 3𝐵300
2 + ⋯ = 𝐵10 = 0 ,  
and  
𝜕𝜎𝑥𝑥
𝜕𝑦
|𝑥=𝑦=0 =
𝜕 ∑ ∑ 𝐴𝛼𝛽0
𝛼𝑦𝛽∞𝛽=0
∞
𝛼=0
𝜕𝑦
|𝑦=0 =
𝜕 ∑ (𝐴0𝛽0
0𝑦𝛽+𝐴1𝛽0
1𝑦𝛽+𝐴2𝛽0
2𝑦𝛽+⋯ )∞𝛽=0
𝜕𝑦
|𝑦=0 =
𝜕 ∑ 𝐴0𝛽𝑦
𝛽∞
𝛽=0
𝜕𝑦
|𝑦=0 = ∑ 𝛽𝐴0𝛽𝑦
𝛽−1|𝑦=0
∞
𝛽=1 = 𝐴01 + 2𝐴020
1 + 3𝐴030
2 + ⋯ = 𝐴01 = 0 .     (A. 25)  
By substitution of Eqs. (A.25) into Eq. (A.24), one concludes that:  
𝜕2𝑢𝑦
𝜕𝑥2
|𝑥=𝑦=0 =
2 − ?̂?
2𝜇
𝐵10 −
1 − ?̂?
2𝜇
𝐴01 = 0 (𝐴. 26) 
at (0, 0).   
According to Rice [38], the weight function h is related to the crack opening displacement 
( , )yu x a :   
ℎ(𝑥,   𝑎) =
𝐻
2𝐾𝐼
𝜕𝑢𝑦(𝑥, 𝑎)
𝜕𝑎
, (𝐴. 27) 
where 2/ (1 )H E   and H E  for plane strain and plane stress, respectively. Using (A.26) and 
(A.27), one can express the second derivative of the weight function at 𝑥 = 0 as: 
𝜕2ℎ(𝑥,   𝑎)
𝜕𝑥2
|𝑥=0 =
𝐻
2𝐾𝐼
𝜕
𝜕𝑎
𝜕2𝑢𝑦(𝑥, 𝑎)
𝜕𝑥2
|𝑥=0 =
𝐻
2𝐾𝐼
𝜕0
𝜕𝑎
= 0. (𝐴. 28) 
According to Fett et al. [39], Eq. (A.28) expresses a property of the weight function for mode I 
cracks that can be used to determine coefficients 𝑀1, 𝑀2, 𝑀3 in the expression for the weight 
function as stated in Eq. (A.1) in terms of 𝐺0 and 𝐺1. 
For uniform applied stress on the crack surfaces 𝜎(𝑥) = 𝜎0, Eqs. (A.1), (A.2), and (A.3) 
yield the stress intensity factor IK  in terms of the coefficients 𝑀1, 𝑀2, 𝑀3. Equating this result to 
the right hand side of Eq. (A.4), one finds: 
𝐾𝐼
𝜎0√
𝜋𝑎
𝑄
= √
2𝑄
𝜋
(2 + 𝑀1+
2
3
 𝑀2+ 
1
2
𝑀3) = 𝐺0. (𝐴. 29) 
Similarly, for linear applied stress on the crack surface 0( ) ( / )x x a  :   
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𝐾𝐼
𝜎0√
𝜋𝑎
𝑄
= √
2𝑄
𝜋
(
4
3
+
1
2
𝑀1+
4
15
 𝑀2+ 
1
6
𝑀3) = 𝐺1 . (𝐴. 30) 
By virtue of Eq. (A.28), Eq. (A.1) yields:  
𝜕2ℎ(𝑥, 𝑎)
𝜕𝑥2
|𝑥=0 = −
1
𝑎2
2
𝜋
(
3
4
𝑡−
5
2 −
1
4
𝑀2𝑡
−
3
2) = 0 (𝐴. 31) 
from which 𝑀2 is directly determined.  Thus Eqs. (A.29) -(A.31) yield 𝑀1, 𝑀2, 𝑀3 in terms of 𝐺0 
and 𝐺1 as follows: 
𝑀1 =
2𝜋
√2𝑄
(3𝐺1 − 𝐺0) −
24
5
,  𝑀2 = 3,  𝑀3 =
6𝜋
√2𝑄
(𝐺0 − 2𝐺1) +
8
5
 .          (𝐴. 32) 
Integrating Eq. (A.2) for quadratic, cubic, and quartic applied stress distribution, 𝜎𝑛(𝑥) =
𝜎0(
𝑥
𝑎
)𝑛, where n=2, 3, 4, 𝐾𝐼 is calculated in terms of the coefficients 𝑀1, 𝑀2, and 𝑀3. Then 𝐺2,
𝐺3, and 𝐺4 can be calculated from Eq (A.4) as follows: 
𝐺2 =
𝐾𝐼
𝜎0√
𝜋𝑎
𝑄
= √
2𝑄
𝜋
(
16
15
+
1
3
𝑀1 +
16
105
𝑀2 +
1
12
𝑀3), 
𝐺3 =
𝐾𝐼
𝜎0√
𝜋𝑎
𝑄
= √
2𝑄
𝜋
(
32
35
+
1
4
𝑀1 +
32
315
𝑀2 +
1
20
𝑀3), 
𝐺4 =
𝐾𝐼
𝜎0√
𝜋𝑎
𝑄
= √
2𝑄
𝜋
(
256
315
+
1
5
𝑀1 +
256
3456
𝑀2 +
1
30
𝑀3) . (𝐴. 33) 
Substituting Eq (A.32) into Eq (A.33), one calculates 𝐺2, 𝐺3  and 𝐺4  in terms of 𝐺0  and 𝐺1 . 
Substituting these 𝐺2, 𝐺3 and 𝐺4 into Eq (A.12), one finds 𝐾𝐼 expressed as function of only 𝐺0 
and 𝐺1 . The values of 𝐺0  and 𝐺1  are calibrated in API 579 through direct finite element 
calculations of the stress intensity factor IK  for various / it R , /a c  and /a t . Thus, according to 
API 579, 𝐺0 and 𝐺1 are calculated as: 
𝐺𝑖 = ∑ 𝐴𝑖𝑗 
6
𝑗=0
(𝑖 = 0,1), (𝐴. 34) 
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where the parameters 𝐴𝑖𝑗 are obtained from the row corresponding to 𝐺𝑖 and column 𝐴𝑗 of Table 
C.12 of the API 579 document for given / it R , /a c  and /a t . It should be remembered that the 
process applies only to the calculation of IK  for the deepest point of the semi-elliptical crack. 
A.3 Raju and Newman [28] solution  
Raju and Newman [28] calculated the stress intensity factor IK  by using only the first four 
terms of the expansion for the stress 𝜎(𝑥) in Eq. (A.10): 
𝜎(𝑥) = 𝑝
𝑅𝑜
2
𝑅𝑜
2 − 𝑅𝑖
2 [2 − 2
𝑥
𝑅𝑖
+ 3 (
𝑥
𝑅𝑖
)
2
− 4 (
𝑥
𝑅𝑖
)
3
] . (𝐴. 35) 
Based on the linear superposition principle, they calculated 𝐾𝐼 as: 
𝐾𝐼 = 𝑝
𝑅𝑜
2
𝑅𝑜
2 − 𝑅𝑖
2 √
𝜋𝑎
𝑄
[2𝐺0 − 2
𝑎
𝑅𝑖
𝐺1 + 3 (
𝑎
𝑅𝑖
)
2
𝐺2 − 4 (
𝑎
𝑅𝑖
)
3
𝐺3] . (𝐴. 36) 
Raju and Newman [28] used finite element analysis for the calculation of the stress intensity factor 
to calibrate the influence coefficients 𝐺𝑗 , j=0, 1, 2, 3, for 𝑎/𝑡 = 0.2, 0.5, 0.8,  𝑎/𝑐 =
0.2, 0.4, 1.0, and 𝑡/𝑅𝑖 = 0.1, 0.25. 
  
78 
 
APPENDIX B 
MATLAB script  
B.1 Pressure generating script example 
clear all; close all; 
pmean=45; p1=4; 
 
%define p2 values 
p2=rand(365,1,'double')*6-3; 
for t=1:365; 
   p(t,1)=pmean+p1*sin(2*pi*t/365)+p2(t,1); 
end 
plot(p); 
xlabel('Time(day)'); 
ylabel('Pressure p(MPa)'); 
grid on; 
B.2 Peak and valley pressure values for each fatigue cycle  
An example pressure history as given by Eq. (5.1), with 46MPamp  , 1 4.2MPap  , 2p  is a 
random real number changing from -3 to 3 MPa, is considered as input for analysis by the three-
point rainflow counting method. The results for the number of cycles, range, peak and valley 
pressures of each fatigue cycle are presented in Table B.1. 
Table B.1 Pressure values for each fatigue cycle 
  No.        Range(MPa) Peak (MPa) Valley(MPa) 
1 2.895 51.37 48.476 
2 3.259 51.81 48.551 
3 3.431 52.539 49.108 
4 2.472 52.298 49.826 
5 3.407 52.589 49.181 
6 0.909 49.118 48.209 
7 2.128 50.318 48.19 
8 4.076 51.427 47.352 
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Table B.1 (cont.) 
  No.        Range(MPa) Peak (MPa) Valley(MPa) 
9 2.493 50.3 47.807 
10 1.074 48.858 47.785 
11 5.294 52.592 47.298 
12 5.508 52.659 47.151 
13 2.636 50.748 48.112 
14 0.983 50.647 49.665 
15 2.237 49.041 46.803 
16 4.237 50.869 46.632 
17 1.5 49.785 48.286 
18 3.343 49.807 46.465 
19 1.576 48.662 47.086 
20 5.442 51.028 45.585 
21 5.491 50.808 45.317 
22 0.394 48.881 48.487 
23 1.178 47.873 46.695 
24 3.713 48.97 45.256 
25 3.924 49.74 45.816 
26 4.297 49.281 44.984 
27 5.463 50.056 44.592 
28 1.399 45.78 44.381 
29 1.751 45.791 44.04 
30 3.066 46.724 43.658 
31 1.86 46.019 44.159 
32 4.528 47.558 43.03 
33 2.598 46.242 43.644 
34 2.737 46.372 43.636 
35 4.253 47.498 43.245 
36 5.101 48 42.899 
37 0.088 45.501 45.413 
38 2.504 45.821 43.318 
39 4.283 46.747 42.465 
40 4.74 46.763 42.023 
41 2.407 43.718 41.311 
42 1.293 44.885 43.592 
43 2.5 44.602 42.101 
44 4.502 45.456 40.954 
45 3.634 45.083 41.449 
46 5.03 45.675 40.644 
47 1.559 44.479 42.92 
48 5.042 45.063 40.021 
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Table B.1 (cont.) 
  No.        Range(MPa) Peak (MPa) Valley(MPa) 
49 1.831 42.812 40.981 
50 0.324 41.831 41.507 
51 3.726 44.077 40.352 
52 0.638 40.949 40.311 
53 3.203 43.023 39.821 
54 4.384 44.204 39.82 
55 4.644 44.349 39.705 
56 2.434 43.558 41.124 
57 2.678 43.678 41 
58 3.258 44.031 40.772 
59 1.921 42.329 40.407 
60 5.391 44.65 39.259 
61 3.499 43.552 40.053 
62 4.841 44.814 39.973 
63 1.364 43.317 41.953 
64 2.367 43.838 41.471 
65 3.389 43.656 40.267 
66 5.071 44.539 39.468 
67 5.422 44.847 39.426 
68 4.475 44.9 40.424 
69 0.685 45.284 44.599 
70 3.232 45.244 42.013 
71 0.832 44.046 43.214 
72 4.283 45.396 41.114 
73 2.625 45.898 43.273 
74 0.239 43.812 43.573 
75 1.802 44.954 43.153 
76 1.267 43.797 42.53 
77 0.417 42.92 42.503 
78 2.888 45.088 42.2 
79 3.889 45.607 41.719 
80 5.011 45.852 40.84 
81 5.404 45.934 40.53 
82 4.002 46.797 42.795 
83 2.667 46.994 44.328 
84 2.331 47.402 45.07 
85 3.299 47.602 44.303 
86 3.241 47.814 44.573 
87 3.003 48.123 45.12 
88 2.57 46.501 43.931 
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Table B.1 (cont.) 
  No.        Range(MPa) Peak (MPa) Valley(MPa) 
89 5.48 48.725 43.244 
90 2.804 48.042 45.238 
91 4.009 48.509 44.5 
92 5.103 49.427 44.324 
93 2.851 49.912 47.061 
94 1.015 48.963 47.948 
95 2.393 49.724 47.331 
96 3.691 50.137 46.446 
97 0.802 47.983 47.181 
98 4.402 50.338 45.935 
99 0.774 47.34 46.566 
100 0.981 48.462 47.481 
101 1.784 48.588 46.804 
102 2.73 50.423 47.693 
103 4.144 50.498 46.354 
104 1.963 48.729 46.767 
105 0.242 47.666 47.424 
106 1.276 47.774 46.499 
107 0.705 48.215 47.511 
108 4.559 50.988 46.429 
109 0.611 49.735 49.124 
110 1.902 50.038 48.137 
111 2.232 49.589 47.358 
112 5.242 52.415 47.173 
113 3.125 52.765 49.64 
114 13.774 52.844 39.069 
 
B.3 Script for crack growth prediction in hydrogen at 𝑹 ≤ 𝟎. 𝟓  
The crack growth calculation codes are similar in hydrogen and air at various load ratios 
with changing material constants of Paris law. Here only presenting an example of crack growth 
calculation in hydrogen for X60 at 0.5R  . 
close all; 
clear all; 
% using the rainflow counting method 
% input loading time history 
disp(' The input file must be a time history. ') 
disp(' Select format: '); 
disp('   1=amplitude '); 
disp('   2=time & amplitude '); 
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ic=input(' '); 
% define which kind of time history 
if(ic==1) 
        [filename, pathname] = uigetfile('*.*'); 
        xfile = fullfile(pathname, filename);        
        THM = xlsread(xfile); 
        y=double(THM(:,1)); 
else     
        [filename, pathname] = uigetfile('*.*'); 
        xfile = fullfile(pathname, filename); 
        THM = xlsread(xfile); 
        y=double(THM(:,2));  
end 
% plot time history  
figure(1); 
if(ic==1) 
    plot(y); 
else 
    plot(THM(:,1),THM(:,2)); 
end 
grid on; 
% display the total input points of the loading time history 
m=length(y); 
a=zeros(m,1); 
t=zeros(m,1); 
out1=sprintf(' total input points =%d ',m); 
disp(out1); 
% find maximum point of the sequence 
[M,I]=max(y);   
AA=zeros(m+1,1); 
j=0; 
% rearrange the sequence to ensure the maximum point is the first point of 
% the new time history sequence 
for i=I:m, 
  j=j+1; 
  AA(j)=y(i);  
end 
for i=1:I; 
    j=j+1; 
    AA(j)=y(i);   
end 
% make sure there are no successive increasing or decreasing in the 
% sequence 
a(1)=AA(1); 
slope1=(  AA(2)-AA(1)); 
k=2; 
t(1)=1; 
for i=2:m 
     slope2=(AA(i+1)-AA(i)); 
     if((slope1*slope2)<=0) 
          a(k)=AA(i); 
          t(k)=i; 
          k=k+1; 
     end 
     slope1=slope2; 
end 
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a(k)=AA(m+1); 
t(k)=t(k-1)+1; 
k=k+1; 
% delete the points which are the same with the previous one 
i=1; 
while(1) 
    ms=max(size(a)); 
    if (i+1>ms) 
        break; 
    end 
    if a(i)==a(i+1); 
        a(i+1)=[]; 
        t(i+1)=[]; 
    else 
        i=i+1; 
    end  
end  
if a(i)==0 
    a(i)=[]; 
    t(i)=[]; 
end  
sza=size(a); 
if(sza(2)>sza(1)) 
    a=a'; 
end 
szt=size(t); 
if(szt(2)>szt(1)) 
    t=t'; 
end 
aa=[t a]; 
  
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%% 
% 
%   Rules for this method are as follows: let X denote 
%   range under consideration; Y, the previous range adjacent to X.  
%   If X is bigger than Y, store the value as the fatigue cycle  
%   and delete these two points 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%%%%%%% 
% 
n=1; 
i=1; 
B=zeros(m,4); 
kv=1; 
while(1) 
    msa=max(size(aa)); 
    if((i+2)>msa) 
        break; 
    end 
    % define X and Y 
    Y=(abs(aa(i,2)-aa(i+1,2))); 
    X=(abs(aa(i+1,2)-aa(i+2,2))); 
    if(X>=Y) 
           B(kv,2)=1; 
           am=[aa(i,2) aa(i+1,2)]; 
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           % save peak and valley 
           if(am(1)>am(2)) 
           B(kv,3)=am(1); 
           B(kv,4)=am(2);  
           else 
           B(kv,3)=am(2); 
           B(kv,4)=am(1);  
           end 
            % delete this two points 
           aa(i+1,:)=[];  
           aa(i,:)=[];       
           B(kv,1)=Y; 
           kv=kv+1;  
      if(i>2) 
          i=i-2; 
      else 
          i=1; 
      end   
    else 
        i=i+1; 
        j=j+1; 
    end 
end 
    j=0; 
N=max(size(B))-1; 
  for i=1:N 
      if(B(i,1)==0) 
       break; 
      end 
      j=j+1; 
C(j,1)=B(i,3); 
C(j,2)=B(i,4); 
  end 
  M=max(size(C)); 
% define the geometry of pipelines and cracks  
% l is the half crack length, R is the mean radius, t is the wall thickness, ain is  
% the initial crack depth  
% KIH is the fracture toughness, ac is the critical crack depth  
% c and m are material constants of Paris' law 
l=9.3; 
R=131.9; 
t=9.3; 
c=2.038E-7; 
n=3.292; 
KIH=95; 
i=1; 
j=1; 
loop=0; 
ain=2.604; 
ac=0.8*t 
ap(1,1)=ain; 
% ap(i,j) i is number of fatigue cycle and j is year 
while 1 
  for i=1:M 
    if ap(i,j)>=ac 
        flag=0; 
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        break; 
    end 
at=ap(i,j)/t; 
rt=R/t; 
al=ap(i,j)/l; 
Pmax=B(i,3); 
Pmin=B(i,4); 
P=[Pmax,Pmin]; 
sigma=P.*rt; 
% define the Zahoor's SIF expression  
if al>0.167 
afa1=2*at/al; 
Q1=1+1.464*(al)^1.65; 
F1=1.12+0.053*afa1+0.0055*afa1^2+(1+0.02*afa1+0.0191*afa1^2)*(20-rt)^2/1400; 
K(i,:)=sigma.*sqrt(pi*(ap(i,j)/1000)/Q1)*F1; 
else 
afa2=at*(1-al/2)^5*(2/al)^0.08; 
F2=1.12+0.9035*afa2; 
K(i,:)=sigma.*sqrt(pi*ap(i,j)/1000)*F2; 
end 
% calculating crack growth da  
    if K(i,1)>=KIH 
        flag=0; 
        break; 
    end    
deltaK(i,j)=K(i,1)-K(i,2); 
if deltaK(i,j)<2 
    da(i,j)=0; 
else 
if deltaK(i,j)<11.814 
    da(i,j)=4.885E-13*deltaK(i,j)^8.533; 
else 
da(i,j)=c*deltaK(i,j)^n; 
end 
end 
% adding da to the crack depth and obtaing the new crack depth  
ap(i+1,j)=ap(i,j)+da(i,j); 
loop=loop+1; 
kk(loop)=K(i,1); 
end 
j=j+1; 
if flag==0 
    break; 
else 
    ap(1,j)=ap(i+1,j-1); 
        if ap(1,j)>=ac 
        break; 
    end 
end 
end 
% plot the a/t vs. year 
appi=1; 
appj=1; 
n=1; 
if min(size(ap))==1 
    app=ap; 
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else 
while ap(appi,appj)>0 
        if appi==M+1 
        appi=1; 
        appj=appj+1; 
        end 
    app(n)=ap(appi,appj); 
    appi=appi+1; 
    n=n+1; 
  
    end 
end 
num_loop=n; 
figure(2); 
plot(app/t);  
set(gca,'XTick',[0:M*4:num_loop]); 
set(gca,'XTicklabel',[0:4:num_loop/M]); 
set(gca,'Fontsize',10); 
xlabel('Time(year)'); 
ylabel('$$\frac{a}{t}$$','Interpreter','latex','rotation',0); 
grid on; 
[A,Y]=size(ap); 
% display the life of the steel  
out2=sprintf(' total year =%d ',Y-1); 
disp(out2); 
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